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;,//, 1%$’$22"%& 5&., <"+, #,- 8,9/$-, 3’$ +%"/8"-8 .$’$%"-$ 8$ "55,%%"2$&/,
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+)% 7.*./$(*) θ! N$1 ($’( ’$34$%5&.1$G %$11. ’4. L)*/. :.’$ &% +4& &7)($’& %418
1. $ .1($*%.(&6. ;.%%) 4%. L)*/. ’$/71&+$ = H0 : θ = θ0 +)%(*) H1 : θ = θ1?G 1$
)’’$*6.5&)%& 6$%@)%) $’(*.(($ +.’4.1/$%($ &% /)0) ’$34$%5&.1$ O%+;P &1 6.1)8
*$ 0$1 *.77)*() 0& 6$*)’&/&@1&.%5. *$’(. +)/7*$’) &% 4% +$*() &%($*6.11) (a,b)Q
.1(*&/$%(& ’& :1)++. 12$’7$*&/$%() +;$ .6*M +)/$ +)%+14’&)%$ 12&7)($’& &%0&+.8
(.! -$ +)’(.%(& a $ b 6$%@)%) ’+$1($ &% /)0) 0. /.%($%$*$ 1$ 7*):.:&1&(M 0&
$**)*$ 0& F (&7) =L.1’) %$@.(&6)? $ 0& FF (&7) =L.1’) 7)’&(&6)? .77*)’’&/.(&6.8
/$%($ 4@4.1& .& 6.1)*& 7*$’+$1(& 0& α $ β *&’7$((&6./$%($! R4$’(. 7*)+$04*.
(&7&+./$%($ *&+;&$0$ 4%. %4/$*)’&(M +./7&)%.*&. &%L$*&)*$ *&’7$(() .0 4% ($8
’( . +./7&)%$ O’’.()! F%L.((&G <.10 $ <)1L)S&(5 = ,"T? 7*)6.*)%) +;$ &1 ($’(
*.77)*() 0& 6$*)’&/&@1&.%5. ’$34$%5&.1$ =AIJK? @)0$ 0$11. 7*)7*&$(M 0& .6$*$
1. /&%&/. %4/$*)’&(M +./7&)%.*&. .(($’. =9ANU ./!*’0! 1’2)(! 3#2,!* ?
’&. ’)(() H0 +;$ ’)(() H1 (*. (4((& & ($’( +)% 7*):.:&1&(M 0& $**)*$ %)% ’47$*&)*&
.0 α $ β! K4((.6&.G &1 ($’( AIJK +)/7)*(. .1+4%& ’6.%(.@@&U &%%.%5&(4(() %)%
&/7)%$ %$’’4% (&7) 0& 6&%+)1) .11. %4/$*)’&(M +./7&)%.*&. $ 34$’() 7)(*$::$
7*)6)+.*$ 4%. 0&’(*&:45&)%$ 0$11. %4/$*)’&(M +./7&)%.*&. .’&//$(*&+. +)%
6.*&.%5. $1$6.(.! F%)1(*$ 9AN ’.*M 7&V .1(. 34.%0) θ W 0&6$*’) 0. θ0 ) θ1!
9 (.1 7*)7)’&()G 4%. ’$/71&+$ /)0&O+. 0&’+4’’. 0. <.10 W 0& (*)%+.*$ &1 ($8
’( AIJK .1 *.@@&4%@&/$%() 0& 4%. +$*(. %4/$*)’&(M +./7&)%.*&.! F%)1(*$G
%$11. 1$(($*.(4*. ’4++$’’&6.G ’)%) ’(.($ +)%’&0$*.($ :.**&$*$ %)% 1&%$.*& $ %)%
7.*.11$1$G 4(&1&55.%0) 6.1)*& +*&(&+& a $ b %)% +)’(.%(& $ 0&7$%0$%(& 0.11. %48
/$*)’&(M +./7&)%.*&. +4/41.(. mk! 91 +*$’+$*$ 0& mk 1$ :.**&$*$ ;.%%) 1.
($%0$%5. .0 .66&+&%.*’& O%+;P amK = bmKG 0)6$ mK W 4% 1&/&($ ’47$*&)*$
.11. %4/$*)’&(M +./7&)%.*&.!
#)/$ ’& W 6&’()G & ($’( ’$34$%5&.1& ’)%) ’(.(& &%&5&.1/$%($ .0)((.(& 7$* *&8
’7)’(*$ :&%.*&$! I*)+$04*$ 7$* *&’7)’($ +)% 0&’(*&:45&)%$ %)*/.1$ . 04$ $ (*$ ! "#$%&’(’  ) *+$,-%.,/&% +,01,/2%#(% # 3-1$$%
+&#4% +’/’ +&#&, +5%(1$$#&, /,3(% #//% 67! 4# 8-.%&#3, , 9:;/,%4,-.#/ < =>?@A
9:;/,%4,-.#/ < =7 @A B1//,&& < =7 @ , C’+,D,--E , F,;#/ < =7G@) H/ 01,+&%
(#5’-%A 5,/3’/’ 1&%(%22#&, &,:/%:;, 4% %/&,3-#2%’/, /1.,-%:# $,- :#(:’(#-, (#
4%+&-%D12%’/, 4,((# /1.,-’+%&I :#.$%’/#-%# #&&,+#) J#(% .,&’4% +’/’ #/:’-#
’33% 1/’ +&-1.,/&’ :;%#5, /,((# :’+&-12%’/, 4% .’(&% &,+& +,01,/2%#(% # 3-1$$%
, +1 4% ,++% +% D#+#/’ (, $-’:,41-, $,- %( :#(:’(’ 4,( (%5,((’ 4% +%3/%K:#&%5%&I ,
4,3(% %/&,-5#((% 4% :’/K4,/2# %/ &#(% &,+&)
H (#5’-% 4% L’:’:M < =NN@A O6 P-%,/ , Q(,.%/3 < =N=@ , R#/ , B, S,&+
< =?T@ +’/’ +&#&% $#-&%:’(#-.,/&, %/U1,/&% ,4 %/+%,., V’-.#/’ %( $1/&’ 4%
$#-&,/2# $,- (, -,:,/&% -%:,-:;, .,&’4’(’3%:;, , (# D#+, $,- 3(% ,+$,-%.,/&%
:(%/%:%)
L’:’:M < =NN@ 4,K/W :;%#-, (%/,, 31%4# $,- -#33%1/3,-, #++,3/#&% (%5,((%
4% +%3/%K:#&%5%&I , $’&,/2# /,3(% ,+$,-%.,/&% +,01,/2%#(% # 3-1$$% :’/ -%+$’X
+&, /’-.#(%) B%.’+&-Y (# 5,-+#&%(%&I 4,((6#$$-’::%’ $-’5#/4’ :;, %( (%5,((’ 4%
+%3/%K:#&%5%&I ’&&,/1&’ $,- &,+& +,01,/2%#(% :’/ -%+$’+&, /’-.#(% $1Y ,++,-,
1&%(%22#&’ %/ .’4’ #Z4#D%(, #/:;, $,- #(&-% &%$% 4% -%+$’+&, , +%&1#2%’/%) H/
1/ #-&%:’(’ #$$#-+’ $’:’ 4’$’ %( (#5’-’ 4% L’:’:MA O6 P-%,/ , Q(,.%/3 < =N=@
$’$’+,-’ 1/# 4%5,-+# :(#++, 4% &,+& +,01,/2%#(% # 3-1$$%A D#+#&% +1 1/# -,X
5%+%’/, 4,( &,+& 9LCJ &-’/:#&’) R# /’5%&I %/ 01,+&% &,+& +&# /,((# &,/4,/2#
# (%.%&#-, (, $’++%D%(%&I 4% #--,+&’ /,((, $-%., #/#(%+%A ,A +, 5%,/, -#33%1/&’
(61(&%.’ +&#4%’ 4% #/#(%+%A ,[,&&1#/’ 1/ &,+& +%.%(, # 01,((’ 4% 1/ :#.$%’/,
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5%’2- 21((# 2’.0#(- ,&#23#.3* B2 8#,- #((# ,&#&%,&%/# &-,& ,/-(&#9 7-..#22’
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.’,%&: /#0$%’2#.%# C,,#&#9 ,1( &-,& H>IJ 3% K#(39 - ,1 #(/12% .%,1(&#&% #((#
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#3 12# G’.01(#5%’2- 6-2-.#(- 3-6(% -,$-.%0-2&% ,-;1-25%#(% 2-% >#.#6.#C M -
N* O-( >#.#6.#G’ P 7%-2- .%#,,12&# (# $.’/-31.# 3# 1&%(%55#.- 2-( /#,’ 3% &-,&
,-;1-25%#(% $-. .%,$’,&- 2’.0#(% /’2 7#.%#25# %62’&#9 2-( >#.#6.#G’ Q 7-26’2’
%2&.’3’&&% % &-,& ,-;1-25%#(% 12%(#&-.#(% /’2 $#.&%/’(#.- .%G-.%0-2&’ # ;1-((’ 3%
R0-.,’2 - S(-0%26 < TQT=* B2C2-9 2-( >#.#6.#G’ T 7%-2- %((1,&.#&’ %( G125%’@
2#0-2&’ 3-% &-,& ,-;1-25%#(% 3% >’/’/U < TPP=9 VAW.%-2 - S(-0%26 < TPT= -
K#26 - J,%#&%, < TQP=* !  "#$%&’ (’$)’*+’ ,-
 !  "#$%&’ (’$)’*+’
 ! !" # $%&$ ’ ()*%+,&-$. /’*0-,(’+-’ 1&&’
.’*&/ Xi 0 Yi1 i = 1,2,...,n1 #0 2*3’*4’#’ $*5%*#’ 3*663050&7*&7’ #0 3’56/570 80’
5/99077’ *5509&*7’ * 8%0 73*77*+0&7’1 %&/ 8’ $/&73/##/1 ’# $%’ 6*3*+073/ 2033:
’&8’$*7/ $/& ’# 608’$0 C 0 %&/ 5603’+0&7*#01 ’# $%’ 6*3*+073/ 5*3: $/&73*8;
8’57’&7/ 8*# 608’$0 E! .’ 5%66/&9* $)0 5’*&/ ’&8’60&80&7’ $/& 8’573’4%<’/&0
&/3+*#0 $/& 2*3’*&<* &/7*= Xi ∼ N(µC,σ2)1 Yi ∼ N(µE,σ2)! .’ $/&5’803’ #*
203’>$* 8?’6/705’ H0 : µE = µC $/&73/ #?*#703&*7’2* 4’#*703*#0 H1 : µE  = µC1
$/& 63/4*4’#’7: 8’ 033/30 8’ @ 7’6/ α 0 6/70&<* 1 − β 603 µE − µC = ±δ! .0
*8 /9&’ 73*77*+0&7/ 5/&/ *5509&*7’ $/+6#055’2*+0&70 n 5/99077’1 603 203’>;

















n/(2σ2),1)! .’ *23: E%’&8’ $)0 Zep ∼ N(0,1)
5/77/ H0 0 ’# 7057 3’>%7* H0 50 |Zep| > Φ−1(1 − α/2)!
@ 30E%’5’7’ 8’ 6/70&<* 603 ’# 7057 $/& #’20##/ α1 $/&5’803*&8/ $)0 5/77/




1 − β = F{|Zep| > Φ
−1(1 − α/2) − δ
 
n/2σ2}















= 1 − Φ
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G*7/ $)0 #* 63/4*4’#’7: 8’ 3’>%7*30 H0 : µE − µC = 0 ’& B*2/30 8’ θ < 0







I56#’$’7*&8/ n ’& E%057* 0E%*<’/&0 5’ /77’0&0 #* &%+03/5’7: $*+6’/&*3’* ! "#$%&’(’ )* +,$-&&% &-’.%/%









/0- 9 %( 54:-.’ 1% $#6%-5&% 1# #,,-;5#.- #1 ’;545’ 1-% 14- &.#&&#:-5&%*
<-./%= /’:$(-,,%>#:-5&- % ,’;;-&&% ’,,-.>#&% 5-((?-,$-.%:-5&’ ,#.#55’ 2nf,2*









@% 5’&% /0- (’ ,&-,,’ -,-:$%’ $4= -,,-.- .%,/.%&&’ %5 &-.:%5% 1% 34#5&%&D 1%
>-.’,%:%;(%#56# 4&%(%66#51’ (# 5’&#6%’5- ,-;4-5&-*
@% /’5,%1-.% 45 :’1-((’ ,&#&%,&%/’ /’5 ;-5-.%/# 2456%’5- 1% 1-5,%&D f(x;ψ)
1’>- %( $#.#:-&.’ ψ ∈ Ψ ⊆ RpA 9 ,411%>%,’ %5 14- /’:$’5-5&%A ψ = (θ,λ)
45# 1% %5&-.-,,-A θA - 45# 1%,&4.E’Aλ* F# /’:$’5-5&- ,4((# 34#(- ,% 1-,%1-.#
2#.- %52-.-56# 9 θ /0- 0# 1%:-5,%’5-  A :-5&.- (# /’:$’5-5&- 1% 1%,&4.E’ 0#
1%:-5,%’5- p − 1* F# 2456%’5- 1% (’; >-.’,%:%;(%#56# 1-( :’1-((’ 9 l(ψ)A -
,- ,% 9 %5&-.-,,#&% # 2#.- %52-.-56# ,4( ,’(’ $#.#:-&.’ 1% %5&-.-,,- ,% 4&%(%66#
(# (’; >-.’,%:%;(%#56# $#.6%#(-A ’ (’; >-.’,%:%;(%#56# $.’G(’A lP(θ) = l( ˆ ψθ) =
l(θ, ˆ λθ)A 1’>- ˆ λθ 9 (# ,&%:# 1% :#,,%:# >-.’,%:%;(%#56# 1% λ /’5,%1-.#51’ θ
G,,#&’* H( >-&&’.- 1-((- 1-.%>#&- $#.6%#(% $.%:- 9 l∗(ψ)* I% -,,’A (?-(-:-5&’
.%2-.%&’ ,’(#:-5&- #((# 1-.%>#&# .%,$-&&’ # θ ,% 1-5’&# /’5 lθ(ψ) - ,%:%(:-5&-
$-. ;(% #(&.% $#.#:-&.%* @% 1-G5%,/-A $-. ,-:$(%G/#.- (# 5’&#6%’5-A S(θ) =
lθ(θ, ˆ λθ)A (#  !"#$ .%,$-&&’ # θ /#(/’(#&# %5 7θ, ˆ λθ8* F# :#&.%/- 1% %52’.:#6%’5-
’,,-.>#&#A ’,,%# (# :#&.%/- 1-((- 1-.%>#&- ,-/’51- .%,$-&&’ # ψ /#:E%#&- 1%
,-;5’A 9 j(ψ) - 0# 1%:-5,%’5- p × p* J#/-51’5- %( >#(’.- #&&-,’ ,% ’&&%-5- (#
:#&.%/- 1% %52’.:#6%’5- #&&-,# ’ 1% J%,0-.B i(ψ)* K-( ,-;4%&’ >-..D 4&%(%66#&’
%( ,-;4-5&- .%,4(&#&’ #,%5&’&%/’A ,’&&’ /’51%6%’5% 1% .-;’(#.%&DA
ˆ ψ ˙ ∼Np(ψ,i(ψ)
−1),
1’>- %( ,%:E’(’ ˙ ∼ %51%/# /0- (# 1%,&.%E46%’5- 9 #$$.’,,%:#&#A - i(ψ) $4= !  "#$%&’ (’$)’*+’ ,-
.//.0. /1/2’2%’2* 3*##4’&510+*6’1&. 1//.07*2* j(ψ) 1 j( ˆ ψ) 8$50! 9*$. . :*#7*&;
 <<,; 9*0*=0*51 >!?@! A.# $*/1 /’ 3./’3.0’; $1+. &.=#’ ./.+B’ /.=%.&2’; 5*0.
’&5.0.&6* /%# /1#1 B*0*+.201 θ; /’ %2’#’66* #4’&510+*6’1&. *22./* B*06’*#.C
V (θ,λ) = i
θθ(θ,λ)
−1 = iθθ(θ,λ) − {iθλ(θ,λ)}{iλλ(θ,λ)}
−1{iθλ(θ,λ)}
T,
317. *3 ./.+B’1; iθ,λ D ’# E#1$$1 0.#*2’71 * θ . λ 3.##* +*20’$. i(ψ); +.&20.
iθλ D #4*&*#1=1 E#1$$1 3’ i(ψ)−1! :’ )* $). V (θ,λ) 3’B.&3. /’* 3*# B*0*+.201
3’ ’&2.0.//. $). 3* F%.##1 3’ 3’/2%0E1! G’ /.=%’21 7.00H %2’#’66*2* &.##* 510+*
V (θ) = iθθ(θ, ˆ λθ)−1; 317. *# B*0*+.201 3’ 3’/2%0E1 D /2*2* /1/2’2%’2* #* /%*
/2’+* 7’&$1#*2*! I* F%*&2’2H *&*#1=* * V (θ); +* 0’5.0’2* *##4’&510+*6’1&.
1//.07*2* j( ˆ ψθ) 7.00H ’&3’$*2* $1& I(θ)!
:’ )* F%’&3’ $). ˆ θ *70H 3’/20’E%6’1&. */’&212’$* N(θ,V (θ)−1); . *&$). F%’
’# 0’/%#2*21 &1& $*+E’* /. * V (θ) 7’.&. /1/2’2%’21 I(θ) 1 I(ˆ θ) 8/’ 7.3* 9*$. .
:*#7*& ,JJ>; 9*0*=0*51 ?!>@! K.&=1&1 ’&1#20. 3.L&’2’ ’# 2./2 #1= 0*BB1021 3’
7.01/’+’=#’*&6*; ’# 2./2  !"#$ . ’# 2./2 3’ M*#3 $). /1&1; ’& 103’&.;




We = ( ˆ ψ − ψ)
Ti(ψ)( ˆ ψ − ψ)
. )*&&1 3’/20’E%6’1&. */’&212’$* &%##* χ2
p! A.# $*/1 ’& $%’ ’# B*0*+.201 ψ /’*
/$*#*0.; 2*#’ 2./2 7.&=1&1 $1&/’3.0*2’ &.##* #101 7.0/’1&. 3’0.6’1&*#.; $’1D
Z = /=&( ˆ ψ − ψ)
 
2(l( ˆ ψ) − l(ψ)),
Zu = lψ(ψ)(i(ψ))
−1/2,
Ze = ( ˆ ψ − ψ)(i(ψ))
1/2,
$1& 3’/20’E%6’1&. */’&212’$* &%##* A8<;,@! N& B0./.&6* 3’ B*0*+.20’ 3’ 3’O
/2%0E1; +* $1& θ /$*#*0.; 7.00*&&1 $1&/’3.0*2. #. *&*#1=). 7.0/’1&’ B01L#1; ! "#$%&’(’ )* +,$-&&% &-’.%/%
’,,%#
Zp = ,01(ˆ θ − θ)
 
2(lP(ˆ θ) − lP(θ)),
Zup = S(θ)V (θ)
−1/2,
Zep = (ˆ θ − θ)V (θ)
1/2,
#2-1&% 3%,&.%456%’1- #,%1&’&%/# 15((# 789: ;* <-. 5(&-.%’.% #$$.’=’13%>-1&% ,%
.%>#13# # <#/- - ?#(2#1 8 @@A: <#.#0.#B C*D - E*A;*
F’.1#13’ #((G-,->$%’ /’1 .%,$’,&- #2-1&% 3%,&.%456%’1- 1’.>#(-: ,% $5H
’.# 1’&#.- /I- Zep 1-((# 8)* ; J %( &-,& 3% K#(3 1-((# 2-.,%’1- $.’B(’ /’1
V (θ) = I(θ) = iθθ(θ)−1 = n/(2σ2)* ?’&&’ H0 I# 3%,&.%456%’1- -,#&&# N(0,1)
- ,’&&’ H1 I# 3%,&.%456%’1- -,#&&# N(θ
 
V (θ),1)* ?% 1’&% /I- %( .-L5%,%&’ 3%
$’&-16# 8)*); $5H -,,-.- .%,/.%&&’ %1 &-.>%1% 3% %1=’.>#6%’1- #&&-,#: -,,-13’








/I- .#$$.-,-1&# %( (%2-((’ 3% %1=’.>#6%’1- >#,,%># 1-/-,,#.%# $-. .#00%510-.-
% .-L5%,%&% 3% $’&-16#*
 ! !   !"#!$%&’( )*+,’,&(&%- .’%&+ /!0% "#$%&’
7-((G#>4%&’ 3% $.’4(->% 3% 2-.%B/# 3G%$’&-,% ,->$(%/%: %( ?<NF 3% K#(3 2%-1-
5&%(%66#&’ L5#(’.# ,% 2’0(%# >%1%>%66#.- %( 15>-.’ #&&-,’ 3% .%,$’,&- 3# ’,,-.O
2#.-* P1 L5-,&% /#,% %1=#&&% 51 &-,& # /#>$%’1- B,,’ $’&.-44- 1’1 -,,-.- 51#
45’1# ,/-(&#* ?%#1’ x1,...,xn: ’,,-.2#6%’1% $.’2-1%-1&% 3#((- /’..%,$’13-1O
&% 2#.%#4%(% #(-#&’.%- X1,...,Xn: %13%$-13-1&% -3 %3-1&%/#>-1&- 3%,&.%45%&-
8%*%*3*; /’1 0-1-.%/# =516%’1- 3% 3-1,%&M f(x;ψ) $-. Xi = x* ?% ,5$$’10# 3%
2’(-. 2-.%B/#.- H0 : ψ = ψ0 /’1&.’ (G#(&-.1#&%2# H1 : ψ = ψ1*
P( &-,& ?<NF 3-B1%,/- (# .-0%’1- 3% #//-&&#6%’1- - .%B5&’ 3-((G%$’&-,% 15((# !  "#$%&’ (’$)’*+’ ,-





1270 f(Xi;ψ1) 0 f(Xi;ψ0) ’&1’$*&2 #* 9%&8’2&0 1’ 10&.’6: .2662 #;’5260.’
*#604&*6’7* 0 .2662 #;’5260.’ &%##* 4’.5066’7*+0&60!
<0 γn ≤ A *##24* .’ *$$066* H0= .0 γn ≥ B .’ *$$066* H1 0 .0 A < γn < B
.’ 5*..* *1 *&*#’88*40 %&* 4’.52.6* .%$$0..’7* 52’$)> &2& .’ 704’?$* #* 4032#*
1’ *440.62!
@*#0 10.$4’8’2&0 7*#0 *&$)0 &0# $*.2 1’ 2..047*8’2&’ &2& ’!’!1!= /*.6* $2&A
.’104*40 γn $2+0 ’# 4*552462 1’ 7042.’+’3#’*&8* 10##0 1’.64’/%8’2&’ $2&3’%&60
1’ (X1,...,Xn) .2662 H0 0 .2662 H1!
<’ 10?&’.$* Pi(Qi) #* 542/*/’#’6: .2662 ψi $)0 .’ 704’?$)’ QiB 504 C%*#.’*.’
’&.’0+0 1’ 2..047*8’2&’ ’&1’50&10&6’ (x1,...,xn) 6*#0 $)0 γn .’* &0##* 82&* 1’







P1(Q1) ≥ BP0(Q1). E !FG
H& +212 *&*#232= 504 C%*#.’*.’ ’&.’0+0 1’ 2..047*8’2&’ 6*#0 $)0 γn .’* &0##*







P1(Q0) ≤ AP0(Q0). E !IG
J0 542/*/’#’6: 1’ 044240 1’ H 0 HH 6’52 52..2&2 0..040 10?&’60 $2+0 α = P0(Q1)
0 β = P1(Q0) 01 0..0&12 Q0 0 Q1 1’.3’%&6’= .’ )*K P0(Q0) = 1−α 0 P1(Q1) =
1−β! L4*= 1*##0 10?&’8’2&’ 1’ 044240 1’ H 0 HH 6’52 1*60 0 1*##0 0C%*8’2&’ E !FG
0 E !IG 52..’*+2 104’7*40 1%0 ’+5246*&6’ 1’.%3%*3#’*&80 $)0 1072&2 0..040
.211’.9*660 1*’ 7*#24’ A 0 B
A ≥ β/(1 − α)
B ≤ (1 − β)/α. ! "#$%&’(’  ) *+$,&&% &,’-%.%
/#(% 0%+,12#1(%#34, 0%5,3&#3’ #$$-’++%6#&#6,3&, 0,((, 212#1(%#34, 3,( .#+’
%3 .2% (, +’1(%, A , B 5,31’3’ +2$,-#&, 0% $’.’ 0# γn 72#30’ &,-6%3# %( .#68
$%’3#6,3&’) 9, 3,( &,+& 0:%$’&,+% +% 0,+%0,-# ;#-, %3 6’0’ .<, (, $-’=#=%(%&> 0%
,--’-, 0% $-%6’ , +,.’30’ &%$’ 3’3 +%#3’ +2$,-%’-% #0 α , β -%+$,&&%5#6,3&,?
#((’-# (, +’1(%, #$$-’++%6#&, 2&%(%44#&, +’3’ A = β/(1−α) , B = (1−β)/α)
@( &,+& 9AB/ C 23 &,+& ’&&%6’? ’++%#? +, (, ’++,-5#4%’3% +’3’ %)%)0) 6%3%8
6%44# (# 326,-’+%&> .#6$%’3#-%# #&&,+# D  !"#$%" &$’()" *+’,"#? *9EF $,-
ψ = ψ0 , ψ = ψ1 &-# &2&&% % &,+& .’3 $-’=#=%(%&> 0% ,--’-, 0% $-%6’ , +,.’30’
&%$’ 3’3 +2$,-%’-% #0 α , β)
@3 5#-%, +%&2#4%’3% $-#&%.<, +% $’&-,==, ,++,-, %3&,-,++#&% # 5,-%G.#-, 23
%$’&,+% .’6$’+%&# 0,( &%$’ H0 : ψ ≤ ψ0 .’3&-’ H1 : ψ ≥ ψ1 $’3,30’ %( 5%3.’(’
α(ψ) ≤ α $,- &2&&% % ψ ≤ ψ0 , β(ψ) ≤ β $,- &2&&% % ψ ≥ ψ1) 9, (# 0%+&-%=24%’3,
.’31%23&# 0% (X1,...,Xn) <# 23 -#$$’-&’ 0% 5,-’+%6%1(%#34# 6’3’&’3’ $,-
’13% n? #((’-# +% $2H 0%6’+&-#-, .<, %( &,+& 9AB/ -,+&# #$$-’$-%#&’? 6#
3’3 +’00%+;# 3,++23# $-’$-%,&> 0% ’&&%6#(%&> 3,% .#+% %3 .2% ψ  = ψ0,ψ1) @3
’13% .#+’? +$,++’ -%+2(&# .<, (:*9E 0,( 9AB/ C 6%3’-, 0,((# 326,-’+%&>
.#6$%’3#-%# 3,.,++#-%# $,- 23 &,+& .’--%+$’30,3&, # .#6$%’3, G++’ $,- ’13%
ψ) A,- 0%6’+&-#4%’3% , #$$-’;’30%6,3&% +% 5,0#3’ I#(0 DJKLMF , N’&4 D !!O?
$$) PO!P8POJLF)
 ! !" #$%&’$()*$+,- .+,/$),&0 1$ ),0 %)..-%%$+,- 1$ %&02
&$%&$.3- 4-’ ’$%4+%&- .+, 1$%&’$()*$+,- ,+’506- -
70’$0,*0 ,+&0
9% +2$$’31# ’-# 0% 2&%(%44#-, (’ +&,++’ 6’0,((’ 0,( A#-#1-#;’  ) )J $,- .’38
02--, %( 6,0,+%6’ ,+$,-%6,3&’ 6# %3 6’0’ +,72,34%#(,) Q:’=%,&&%5’ C +,6$-,
72,((’ 0% 5,-%G.#-, +, (:212#1(%#34# 0,% 02, &-#&&#6,3&% C $(#2+%=%(, ’$$2-,
3’) Q# +&#&%+&%.# 2&%(%44#&#? Zep,k? #5-> (# ;’-6# D )JF? 6# +% #5-> # .<, ;#-,
.’3 23# +2..,++%’3, (Zep,1,...,Zep,K) 0’5, #0 ’13% #3#(%+% +% 2&%(%44#3’ % 5#8
(’-% 0%+$’3%=%(% #((:#3#(%+% $-,.,0,3&, , (, 32’5, ’++,-5#4%’3%) *( $’+&’ 0% n
+% 2&%(%44# mk $,-.<R %( 326,-’ 0% ’++,-5#4%’3% 5#-%# %3 =#+, #( 1-2$$’ .<, !  "#$%&’ (’$)’*+’  ,
-’ -.* $/&-’012*&0/! 3/+1 4’-./ 512 ’ .1-. * &%+12/-’.6 $*+5’/&*2’* 7--*.*8
4*#1 ’# 2’-%#.*./ 1-*../ Zep,k ∼ N(θ
 
Vk(θ),1)8 512$’98 0*./ $)1 /:&’ Zep,k
; $/+<’&*=’/&1 #’&1*21 0’ &/2+*#’ ’&0’51&01&.’8 #* 0’-.2’<%=’/&1 $/&:’%&.*
01##1 -.*.’-.’$)1 (Zep,1,...,Zep,K) ; %&* &/2+*#1 +%#.’4*2’*.*! (1-.* 0* $*#>
$/#*21 #* $/4*2’*&=* .2* #1 -.*.’-.’$)1 01’ 4*2’ :2%55’! ?12 @*2#/ -’ %.’#’==* ’#
@*../ $)1 #* 0’-.2’<%=’/&1 01##/ -.’+*./21 0’ +*--’+* 412/-’+’:#’*&=* 512 ’#
5*2*+1.2/ 0’ ’&.121--1 ; ˆ θ(k) ∼ N(θ,Vk(θ)−1) A’& B%1-./ $*-/ ; %& 2’-%#.*./
1-*../C8 1 $)1 Zep,k =
 





1 Vk(θ) = mk/2σ28 2*5521-1&.*&/ #/ -.’+*./21 0’ +*--’+* 412/-’+’:#’*&>
=* 1 #D’&@/2+*=’/&1 *..1-* 5*2=’*#1 512 θ %.’#’==*&0/ #1 /--124*=’/&’ 7&/ *##*























Vk1(θ)/Vk2(θ), 512 1 ≤ k1 ≤ k2 ≤ K.
A !GC
HD%:%*:#’*&=* 3/4(ˆ θ(k1), ˆ θ(k2)) = F*2(ˆ θ(k2)) -@2%..* ’# @*../ $)1 ˆ θ(k1) ; $*#$/#*./



































































12 "’%+,2"%$/" "’’" *%"%$*%$-" 3$ 4"’3 *$ #&%,+55+,& .%$’$66",+ ’"  !"#$7 & ’"
*%"%$*%$-" ’&8 ,"##&,%& 3$ /+,&*$9$8’$"26"( 12 ,$:+,$9+2%& "’’;+*+9#$& 3+’ <"=
,"8,":&  ( (>7 *$ ?" -?+ *&%%& H07 Sk(0) = mk(¯ Y − ¯ X)/2σ2 = ˆ θ(k)Vk(θ) +
Zp,k = ˆ θ(k) 
Vk(θ)( 1 ,$*.’%"%$ ,$#&,%"%$ 3$ *+8.$%& *&2& @.$23$ +*"%%$(
<+, .2 8+2+,$-& θ *$ ?" Sk(θ) ∼ N(θVk(θ),Vk(θ)) + Zp,k ∼ N(θ
 
Vk(θ),1)(
A" -&/",$"26" %," ’+ /",$+ -&9#&2+2%$ #+, Sk(θ) B #",$ "C
!&/(Sk1,Sk1+k2) = !&/(Sk1,Sk1 + (Sk1+k2 − Sk1))
= 0",(Sk1)
D (EF
9+2%,+ #+, Zp,k /"’+ ’& *%+**& ,$*.’%"%& D (GF( H$ -&2*$3+,$ $2&’%,+ ’" *.-=
-+**$&2+ 3+’’+ *%$9+ 3$ 9"**$9" /+,&*$9$8’$"26" 3+’ #","9+%,& 3$ $2%+,+**+
(ˆ θ(1),..., ˆ θ(K))( !&2 3"%$ #,&/+2$+2%$ 3" .2" 3$*%,$5.6$&2+ 2&,9"’+ N(θ,σ2)7
-&2 /",$"26" 2&%"7 *$ ?" -?+ %.%%+ ’+ *.--+**$&2$ -&2*$3+,"%+ ?"22& 3$*%,$5.=
6$&2+ -&28$.2%" 2&,9"’+ 9.’%$/",$"%" -&2
ˆ θ
(k) ∼ N(θ,Vk(θ)











Vk(θ),1) + !&/(Zk1,Zk2) =
 
(Vk1(θ)/Vk2(θ)),
Sk(θ) ∼ N(θVk(θ),Vk(θ)) + !&/(Sk1,Sk2) = Vk1(θ),
#+, k = 1,...,K + 1 ≤ k1 ≤ k2 ≤ K( I*#,$9+,+ .2 %+*% *+@.+26$"’+ " 8,.##$
-&2 5",,$+,+ ,$:+,$%+ " ˆ θ(k)7 & " .2" 3+’’+ "’%,+ *%"%$*%$-?+ 2&2 "’%+," ’+ *.+
#,&#,$+%J +7 2+’ -"*& 3$ ,$*#&*%+ 3$/+,*+ 3" @.+’’+ 2&,9"’$ " /",$"26" 2&%"7
3$ *&’$%& *$ *-+8’$+ $2 :"/&,+ 3+’ 9+%&3& -&9#.%"6$&2"’9+2%+ 9+2& &2+,&*&( !" #$%&’’$ ()*&+,& *$,-+’&  "
.) *$/) 01& 0$*2)%&,+,& ’& 3+,)& +*+’)2) & 4’) )*/&,3+’’) /,+ %) &22& )* 5+2& +
Vk(θ) $ + mk *$* 6,$%70& +’07*+ %)8&,&*9+ 6$)01: ’& %7& ;7+*/)/< 2$*$
6,$6$,9)$*+’)!
= ,)27’/+/) 2$6,+ )’’72/,+/) 2$*$ 5+2+/) 27’ -$%&’’$ *$,-+’& 0$* 3+,)+*9+
*$/+! =* -$%&’’) 6)> 0$-6’&22) ? 0$-7*;7& 6$22)5)’& 7/)’)99+,& /+’) 2/+/)2/)@
01& /&2/A & 6,$0&%&,& )* +*+’$4)+ +4’) &2&-6) )’’72/,+/)A 7/)’)99+*%$ ’+ ’$,$
%)2/,)579)$*& +2)*/$/)0+! .) 7/)’)99&,+**$ ;7)*%) %)2/,)579)$*) +66,$22)-+/&
& *$* 6)> &2+//&! B7+*%$A 6&, 3)+ %&’’+ 0$-6’&22)/< %&’’+ 2)/7+9)$*& 2)+-$
$55’)4+/) + ’+3$,+,& 0$* %)2/,)579)$*) +66,$22)-+/&A ? +726)0+5)’& 7/)’)99+,&
’+ 2/+/)2/)0+ /&2/ 01& C$,*)20+ ’+ -)4’)$,& +66,$22)-+9)$*& +’’+ %)2/,)579)$*&
*$,-+’&!
=* ’&//&,+/7,+ 2$*$ 6,&2&*/) &2&-6) %) 7/)’)99$ %&) /&2/ 2$6,+ 0)/+/) )*
-$%$ 2&;7&*9)+’&! D% &2&-6)$ Zep,k ? 7/)’)99+/$ *&’ /&2/ E$0$0FA )’ /&2/ Sk(0)
? 7/)’)99+/$ %+ G1)/&1&+% *&’ /&2/ /,)+*4$’+,&! E&, Zp,k 2) 3&%+ (+) HIJKKL &
6&, 7* &2&-6)$ 6,+/)0$ .1)1 &/ +’! H MIML!
B7+*/$ ,)6$,/+/$ N*$,+ 67O &22&,& +66’)0+/$ +% +’/,) -$%&’’) 2/+/)2/)0)!
P&’ 2&47)/$ 3&,,< &26$2/$ )’ 0+2$ %) 7* -$%&’’$ ’)*&+,& *$,-+’& &% 7* -$%&’@
’$ 6+,+-&/,)0$ 4&*&,+’&! Q$-& ,)C&,)-&*/$ ? 2/+/$ 7/)’)99+/$ ;7+*/$ ,)6$,@
/+/$ )* R&**)2$* & S7,*57’’ H MMMA Q+6)/$’$ "L & 2) 0$*2)%&,+*$ &26&,)-&*/)
2&;7&*9)+’) )* 4&*&,+’&A 2&*9+ &22&,& 3)*0$’+/) +) 2$’) &26&,)-&*/) 0$-6+,+/)3)!
 !" #$%&’’$ ()*&+,& *$,-+’&
.) )6$/)99) %) ’+3$,+,& 0$* $22&,3+9)$*) XiA i = 1A  A!!!A )*%)6&*%&*/) & *$,@
-+’-&*/& %)2/,)57)/& 0$* 3+’$,& +//&2$ ’)*&+,-&*/& %)6&*%&*/& %+’ 3&//$,&
%) 6+,+-&/,) β = (β1,...,βp)T! = %+/) 2$*$ ,+00$’/) &% &2+-)*+/) )* -$@
%$ 2&;7&*9)+’& $4*) 3$’/+ 01& 2) $22&,3+*$ m $22&,3+9)$*) +44)7*/)3& 0$*
7* -+22)-$ %) K +*+’)2)! D% $4*) +*+’)2) ) %+/) %)26$*)5)’) 2$*$ mk! .)+
X(k) = (X1,...,Xmk)T )’ 3&//$,& %&’’& $22&,3+9)$*) %)26$*)5)’) +’’+ k@&2)-+ ! "#$%&’(’  ) *+$,&&% &,’-%.%





5’6, D(k) 5,/’&# (# 2#&-%., 5,( 5%+,7/’ $,- (, $-%2, mk ’++,-6#8%’/% , 4mk
9 (# 2#&-%., 5% %5,/&%&: mk × mk) ;’ +&%2#&’-, 5,% 2%/%2% <1#5-#&% 5% β 9










,5 9 /’&’ .3, 9 /’-2#(2,/&, 5%+&%=1%&’ .’/ 6#(’-, #&&,+’ $#-% # β , 2#&-%.,
5% .’6#-%#/8# >#-(ˆ β(k)) = (D(k)TD(k))−1σ2) ;?%/@’-2#8%’/, 5% A%+3,- ik(β) 9
(?%/6,-+# 5% &#(, 2#&-%.,B ik(β) = >#-(ˆ β(k))−1) C’%.3D ’7/% ˆ β(k) 9 .’2=%/#8%’/,
(%/,#-, 5% /’-2#(% %/5%$,/5,/&%B 2#-7%/#(2,/&, ˆ β(k) 3# 5%+&-%=18%’/, /’-2#(,
, %( 6,&&’-, (ˆ β(1),..., ˆ β(k)) 9 1/# /’-2#(, 21(&%6#-%#&# 5,((# <1#(, +% .’/’+.,
(# 5%+&-%=18%’/, 5% ˆ β(k) , +% 5,6, .#(.’(#-, (# .’6#-%#/8# &-# % ˆ β(k)) 0% 3#
.3, >#-(ˆ β(k)) = (D(k)TD(k))−1σ2 .’/ (D(k)TD(k)) .3, /’/ 5%$,/5, 5# β) C,-
k1 < k2 % 5#&% 5,((?#/#/(%+% k1 +’/’ 1/ +’&&’%/+%,2, 5% <1,((% 5,((?#/#(%+% k2B













β = β $,- ’7/% β
’++%# ATD






























G%#++12,/5’B (# 5%+&-%=18%’/, 5,((# +1..,++%’/, 5,((, +&%2, 5,% $#-#2,&-% 9 !" #$%&’’$ ()*&+,& *$,-+’&  .
/*+ %)01,)2/3)$*& *$,-+’& -/’1)4+,)+1+ 5$*
ˆ β
(k) ∼ Np(β, ik(β)
−1) 1 ≤ k ≤ K,
6$4(ˆ β
(k1), ˆ β
(k2)) = 7+,(ˆ β
(k2)), 1 ≤ k1 ≤ k2,≤ K.
8 !9:
;) 0/<<$*=+ 5>& )’ <+,+-&1,$ %) )*1&,&00& )* /* &0<&,)-&*1$ 0)+ +% &0&-<)$
θ = β1? 5)$@ )’ <,)-$ &’&-&*1$ %&’ 4&11$,& β? & 5>& 0) 4$=’)+ 4&,)A5+,& H0 :
θ = 0 5$*1,$ /*B+’1&,*+1)4+ 2)’+1&,+’&! C* 1+’& &0<&,)-&*1$? θ ,+<<,&0&*1+
’B&D&11$ %&’ 1,+11+-&*1$? -&*1,& =’) +’1,) &’&-&*1) %) β 0$*$ 1,+11+1) 5$-&
<+,+-&1,) %) %)01/,2$ ,&’+1)4) + 5$4+,)+1& 5>& )*E/&*3+*$ ’+ ,)0<$01+ -+ *$*
0$*$ %) <,)-+,)$ )*1&,&00&! C’ 1&01 0&F/&*3)+’& + =,/<<) <&, H0 : θ = 0 0) 2+0+
0/’’+ 0/55&00)$*& %) 01)-& (ˆ θ(1),..., ˆ θ(K))! (+ 4+,)+*3+ %) ˆ θ(k) +’’+ kG&0)-+
+*+’)0) @ ’B&’&-&*1$ %) <$01$ 8H? H: %&’’+ -+1,)5& %) 5$4+,)+*3+ 7+, (ˆ β)(k) =
(D(k)TD(k))−1σ2? &% @ )’ ,&5)<,$5$ %&’’B)*I$,-+3)$*& <+,3)+’& %) J)0>&, <&, θK







−1, k = 1,...,K.







Vk(θ) k = 1,...,K.
L+1$ 5>& )’ 4&11$,& (ˆ β(1),..., ˆ β(k)) @ /*+ *$,-+’& -/’1)4+,)+1+? *& 0&=/&
5>& (ˆ θ(1),..., ˆ θ(K)) @ +*5>B&00$ *$,-+’& -/’1)4+,)+1+ 5$*
E(ˆ θ
(k)) = θ, 1 ≤ k ≤ K,
6$4(ˆ θ
(k1), ˆ θ
(k2)) = 7+,(ˆ θ





Vk(θ) 1 ≤ k ≤ K,
6$4(Zep,k1, Zep,k2) =
 
Vk1(θ)/Vk2(θ), 1 ≤ k1 ≤ k2 ≤ K.
8 !O: ! "#$%&’(’  ) *+$,&&% &,’-%.%
*/#(’01% -%+2(&#&% +% ’&&,/0’/’ $,- %$’&,+% 3,( &%$’ H0 : cTβ = γ) 4( $#-#5,&-’
3% %/&,-,++, 6 θ = cTβ − γ .’/ c 7,&&’-, p × 1 , γ +.#(#-,) 8(% +&,++% -%+2(&#&%






.’/ Σ(k) 5#&-%., /’/ 3%#0’/#(, , σ2 ,/&-#5;% /’&%) <# +&%5# 3% 5#++%5#














.’/ 3%+&-%;29%’/, /’-5#(, 52(&%7#-%#&# .’/ 7#(’-, #&&,+’ $#-% # β , 7#>
-%#/9# (D(k)TΣ(k)−1D(k))−1σ2. <# 3%+&-%;29%’/, .’/0%2/&# 3% (ˆ β(1),..., ˆ β(k))
6 /’-5#(, 52(&%7#-%#&# .’/ 7#(’-, #&&,+’ , 5#&-%., 3% .’7#-%#/9# ? )@A)
 !" #$%&’ ()*+$$’ ,-&-(+%&’.’
B% +2$$’/0# 3% .’/32--, 2/ ,+$,-%5,/&’ +,:2,/9%#(, # 0-2$$% .’/ ’++,-7#9%’/%
0,/,-#&, 3# 2/# 3%+&-%;29%’/, :2#(+%#+% .’/ 7,&&’-, 3% $#-#5,&-% ψ $,- %
:2#(% +%# $’++%;%(, .#(.’(#-, (, +&%5, 3% 5#++%5# 7,-’+%5%0(%#/9# #((, #/#(%+%
k = 1,...,K) 8-#9%, #3 2/ -%+2(&#&’ %((2+&-#&’ %/ C,//%+’/ , D2-/;2(( ?EFFGAH
+’&&’ .,-&, .’/3%9%’/% 3% -,0’(#-%&I 3,( 5’3,((’ +&#&%+&%.’ , 3,((, .’7#-%#&, 3,%
7#(’-% ’++,-7#&%H (# +2..,++%’/, 3% +&%5, ( ˆ ψ(1),..., ˆ ψ(k)) 6 #$$-’++%5#&#5,/&,
/’-5#(, 52(&%7#-%#&# .’/
E( ˆ ψ
(k)) = ψ, 1 ≤ k ≤ K,
,
"’7 ( ˆ ψ
(k1), ˆ ψ
(k2)) = J#- ( ˆ ψ
(k2)), 1 ≤ k1 ≤ k2,≤ K,
:2#/3’ (# /25,-’+%&I .#5$%’/#-%# 6 +2K.%,/&,5,/&, ,(,7#&#) <# 3%+&-%;2>
9%’/, .’/0%2/&# $,- +&%5, +2..,++%7, 3,( 7,&&’-, 3% $#-#5,&-% ψ 6 $,-&#/&’
-%.’/32.%;%(, # :2,((# $,- ’++,-7#9%’/% /’-5#(%) !" #$%&’ ()*)%’+) ,)- .)/. /)01)*2-’+-  3
4* 5)**-/$* ) 61%*71++ 8 999: ;’%’(%’<$ ==!>?: @-)*) ,-&$/.%’.$ AB) +C-*D
@)%/’ ,)++’ &’.%-A) ,- -*<$%&’2-$*) ,- #-/B)% E)% ψ ’++C’*’+-/- k %)/.-.1-/A)
1*’ /.-&’ A$*/-/.)*.) ,- F’%( ˆ ψ(k))!
G, )/)&E-$: /) /- ,)/-,)%’ @)%-HA’%) 1*C-E$.)/- *1++’ ,)+ .-E$ H0 : θ = 0
A$*.%$ +C’+.)%*’.-@’ 7-+’.)%’+) 1.-+-22’*,$ +’ /.’.-/.-A’ .)/. Zep,k! 4+ E’%’&).%$
,- -*.)%)//) I θ = cTψ − γ: A$* γ /A’+’%) ) c @)..$%) p × 1! 4* 7’/) ’
01’*.$ ’EE)*’ ,)/A%-..$: +’ /1AA)//-$*) (Zep,1,...,Zep,K) B’ ,-/.%-712-$*)
’EE%$//-&’.’ 8 !J?!
K) A$*,-2-$*- /$..$ +) 01’+- @’+) -+ E%)A),)*.) %-/1+.’.$ ,-E)*,$*$ ,’+
E’%.-A$+’%) &$,)++$ /.’.-/.-A$ AB) /- /.’ 1.-+-22’*,$! 4* /-*.)/- /$*$ 01)++)
%-AB-)/.) E)% ’EE+-A’%) +’ .)$%-’ ’/-*.$.-A’ ,)++’ @)%$/-&-(+-’*2’ ’, $(*- /-*D
($+’ ’*’+-/-! K’ *1&)%$/-.L ,- $(*- /-*($+$ (%1EE$ ,- $//)%@’2-$*-: m I 1*’
@’%-’7-+) AB-’@): ,’ ,).)%&-*’%) -* 7’/) ’++) A’%’..)%-/.-AB) /E)A-HAB) ,- $(*-
)/E)%-&)*.$! M A$*/-(+-’7-+) /A)(+-)%+’ .)*)*,$ A$*.$ AB) +’ *1&)%$/-.L ,)-
(%1EE- ,$@%)77) )//)%) /1NA-)*.)&)*.) (%’*,) ,’ (’%’*.-%) +C’EE+-A’2-$*)
,)- %-/1+.’.- ’/-*.$.-A- ’ E’%.-%) ,’++’ E%-&’ ’*’+-/-!
 !" #$%&’ ()*)%’+) ,)- .)/. /)01)*2-’+-
O.-+-22’*,$ A$&) %-<)%-&)*.$ 5)**-/$* ) 61%*71++ 8 999: ;’%’(%’<$ P! ? /-
<$%*-/A) $%’ 1*’ <$%&1+’2-$*) ()*)%’+) E)% - .)/. /)01)*2-’+-: AB): A$* $ED
E$%.1*- ’AA$%(-&)*.- I E$//-7-+) ’EE+-A’%) ’ @’%-) .-E$+$(-) ,- ,’.-: ,- .)/.
) E%$7+)&- ,- @)%-HA’ ,C-E$.)/-! 4+ &$.-@$ /.’ *)+ <’..$ AB) +) /1AA)//-$*- ,-
/.’.-/.-AB) .)/. <’**$ A’E$ ’, 1*C1*-A’ ,-/.%-712-$*) A$*(-1*.’ A$&1*) AB) I
+’ 8 !J?! Q- /)(1-.$ /- A$*/-,)%’ -+ A’/$ -* A1- -+ @)..$%) ,- E’%’&).%- ()*)%’+)
ψ I /1,,-@-/$ -* 1*’ A$&E$*)*.) ,- -*.)%)//) θ ,- ,-&)*/-$*) = ) 1*’ A$&D
E$*)*.) ,- ,-/.1%7$ λ ,- ,-&)*/-$*) p − 1! R- I <’..’ 01)/.’ /A)+.’ E$-ABS
(+- )/E)%-&)*.- A$&E’%’.-@- AB) @)%%’**$ A$*/-,)%’.- -* /)(1-.$ 1.-+-22)%’**$
+’ /.)//’ /1,,-@-/-$*) ,)- E’%’&).%-! K’ /.’.-/.-A’ .)/. /A)+.’ E)% +’ @)%-HA’
,C-E$.)/- I Zep,k! ! "#$%&’(’  ) *+$,&&% &,’-%.%
/% +0$$’12# 3% 3%+$’--, 3% ’++,-4#5%’1% +033%4%+, %1 2-0$$% .’1 %3,1&%.#
106,-’+%&7 $-’4,1%,1&% 3# 30, &%$% 3% &-#&&#6,1&%8 01’ 3% .’1&-’((’8 " , 01’
+$,-%6,1&#(,8 9) :( $#-#6,&-’ +0( ;0#(, +% 3,+%3,-# <#-, %1<,-,15# = θ .>,
6%+0-# (# 3%?,-,15# &-# % 30, &-#&&#6,1&%) @ -%.>%,+&’ 3% 4,-%A.#-, (B%$’&,+%
H0 : θ = 0 .’1&-’ (B%$’&,+% C%(#&,-#(, H1 : θ = ±δ8 .’1 $-’C#C%(%&7 3% ,--’-,
3% : &%$’ α , $’&,15# 1 − β $,- θ = ±δ) /’&&’ H08 (# 3%+&-%C05%’1, 3%
(Zep,1,...,Zep,K)8 .’1 1 ≤ k1 ≤ k2 ≤ K8 = #$$-’++%6#&#6,1&,D
(Zep,1,...,Zep,K) 1’-6#(, 60(&%4#-%#&#8














I#(% 3%+&-%C05%’1% +’1’ ,+#&&, 1,( .#+’ 3% ’++,-4#5%’1% 1’-6#(% .’1 4#-%#15#
1’&#) J# $-’C#C%(%&7 3% .’66,&&,-, 01 ,--’-, 3% : &%$’ =
Pr
θ=0
{|Zep,k| ≥ ck $,- ;0#(.>, k = 1,...,K}
4#(0&#&# ;0#13’ Zep,k8 k = 1,...,K8 +,20, (# 3%+&-%C05%’1, 10((# E )FGH) J,
+’2(%, ck +’1’ .#(.’(#&, 106,-%.#6,1&, $,- <#-, %1 6’3’ .>, ;0,+&# $-’C#C%K
(%&7 +%# 020#(, #( 4#(’-, 3% α +.,(&’) L,- .’+&-05%’1, (, C#--%,-, +0$,-%’-% ,3






(|Zep,j| < cj $,- j = 1,...,k − 1 , |Zep,k| ≥ ck)
 
E )F H
4#(0&#&# ;0#13’ Zep,k8 k = 1,...,K +,20, (# 3%+&-%C05%’1, E )FFH) M#&% K8 α8
β , % 4#(’-% .-%&%.% (c1,...,ck) = $’++%C%(, &-’4#-, 01 4#(’-, 3,((B%1<’-6#5%’1, !" #$%&’ ()*)%’+) ,)- .)/. /)01)*2-’+-  3
45) %)*,’ +’ 6%$7’7-+-.8 9 !: ; 6’%- ’ 1 − β! <’+) =’+$%) > +?-*@$%&’2-$*)
&’//-&’ %-45-)/.’ 6)% /$,,-/@’%) - %)01-/-.- ,- 6$.)*2’A Vmax(θ)! B* 7’/) ’++’
@$%&1+’2-$*) ,)++?-*@$%&’2-$*) ’..)/’ 6’%2-’+) &’//-&’A Vmax(θ)A -&6$*)*,$
Vmax(θ) = VK(θ)A > 6$//-7-+) ,)%-=’%) - %)01-/-.- /1 mK 4$&) =-/.$ ’++’ C*)
,)+ D’%’(%’@$  ! !:! E- %-4$%,’ 45) VK > -+ +-=)++$ ,- -*@$%&’2-$*) %’((-1*.$
*)++?1+.-&’ ’*’+-/-!
F?-*@$%&’2-$*) &’//-&’ *)4)//’%-’A ,)%-=’*.) ,’++’ 9 !: ; 5’ +’ /.)//’
@$%&1+’2-$*) ,)++?-*@$%&’2-$*) ,- 1* .)/. ’ *1&)%$/-.8 4’&6-$*’%-’ C//’.’
45) =)%-C4’ +’ /.)//’ -6$.)/-A V (θ)A ,’.$ 45) )*.%’&7) /$*$ 4’+4$+’.) /1++$
/.)//$ &$,)++$! F) ,1) -*@$%&’2-$*- 6)%.’*.$ /$*$ .%’ +$%$ 6%$6$%2-$*’+-G
Vmax(θ) = RV (θ)A ,$=) R > 1*’ 4$/.’*.) ,- 6%$6$%2-$*’+-.8 &’((-$%) ,- 1*$
45) ,-6)*,) ,’ KA αA β ) ,’+ .-6$ ,- 7’%%-)%) 45) /- /$*$ /4)+.)! H$* +-=)++-
,- -*@$%&’2-$*) )01-/6’2-’.- ) ,’.- *$%&’+- 4$* =’%-’*2’ *$.’ /- 5’




{Φ−1(1 − α/2) + Φ−1(1 − β)}2
δ2 , k = 1,...,K,
), )//)*,$ Vk(θ) 6%$6$%2-$*’+) ’, mkA > 6$//-7-+) $..)*)%) -+ =’+$%) ,- m
45) /$,,-/@’ - %)01-/-.- ,- 6$.)*2’! B* @’/) ,- 6%$()..’2-$*) ,)++?)/6)%-&)*I
.$ > 01-*,- 6$//-7-+) ,)4-,)%) -* ’*.-4-6$ -+ +-=)++$ ,- -*@$%&’2-$*) Vk(θ) ’+
%’((-1*()%) ,)+ 01’+) =)%%8 )J)..1’.’ +’ kI)/-&’ ’*’+-/-!
D)% ’+41*- .)/.A 4$&) 01)++- ,- D$4$4KA L? M%-)* ) #+)&-*(A ) N’*( ) </-’I
.-/A 45) =)%%’**$ -++1/.%’%- -* /)(1-.$A - =’+$%- ,- R /$*$ .’71+’.- ) ,)%-=’*$
,’ 4’+4$+- *1&)%-4-! D)%.’*.$A +?-*@$%&’2-$*) &’//-&’ *)4)//’%-’ ’O*45P 1*
.)/. /)01)*2-’+) /$,,-/C - %)01-/-.- ,- 6$.)*2’ > @’4-+&)*.) 4’+4$+’7-+) 1.-+-2I
2’*,$ - =’+$%- ,- RA KA αA β ) V (θ)! D)% ’+.%- .)/.A 4$&) 01)++$ .%-’*($+’%) ,-
N5-.)5)’,A +?-*@$%&’2-$*) &’//-&’ =-)*) ,)C*-.’ ,’+ 61*.$ ,- -*.)%/)2-$*)
,)++) 7’%%-)%)Q *)+ H’6-.$+$ R =)%%8 -++1/.%’.$ 4$&) 4’+4$+’%+’!
S*’ =$+.’ .%$=’.) +) /$(+-) ckA +’ %)($+’ ,- ’%%)/.$ =-)*) ’66+-4’.’ 4$&)
/)(1)G 6)% k = 1,...,K − 1, /- 4’+4$+’ +’ /.’.-/.-4’ /4)+.’A -* 01)/.$ 4’/$
+’ /.’.-/.-4’ /.’*,’%,-22’.’ Zep,k ) /) |Zep,k| > ck +?)/6)%-&)*.$ .)%&-*’ %-I ! "#$%&’(’ )* +,$-&&% &-’.%/%
01&#23’ H04 #(&.%5-2&% /’2&%21# #2#(%66#23’ %( 7.1$$’ ,1//-,,%8’* 91#23’
Zep,k > ck ,% :# -8%3-26# 3% ,1$-.%’.%&; 3-( &.#&&#5-2&’ ,$-.%5-2&#(-4 - <1#2=
3’ Zep,k < −ck ,% :# -8%3-2&6# 3% %2>-.%’.%&; 3-( &.#&&#5-2&’ ,$-.%5-2&#(-*
?- ,% #..%8# #((@1(&%5# #2#(%,%4 (# K=-,%5#4 (@-,$-.%5-2&’ &-.5%2# - ,% #//-&&#
H0 ,- |Zep,K| < cK #(&.%5-2&% ,% .%01&#*
?% 2’&% /:- Vk(θ) 8%-2- 1&%(%66#&’ ,’(#5-2&- %2 >#,- 3% $.’7.#55#6%’2-
3-((@-,$-.%5-2&’* 91#23’ (@-,$.%5-2&’ A %2 /’.,’4 Vk(θ) 8%-2- ,’,&%&1%&’ 3#(=
(@%2>’.5#6%’2- ’,,-.8#&#4 Ik(θ)* B-( /’.,’ 3-((@-,$-.%5-2&’ $’,,’2’ 312<1-
-,,-./% 3-((- 3%,/.-$#26- &.# % 8#(’.% #&&-,% - <1-((% ’,,-.8#&%*
C2 5-&’3’ 7-2-.#(- $-. %5$’,&#.- 12 -,$-.%5-2&’ ,-<1-26%#(- # 7.1$$%
$1D -,,-.- .%#,,12&’ %2 E >#,% F/>.* G-22%,’2 - H1.2I1((4 )!!!4 J#.#7.#>’  *)K
L* M3-2&%0/#.- %( 5’3-((’ ,&#&%,&%/’ /:- 3-,/.%8# (# 3%,&.%I16%’2- 3-% % 3#&%
- %( $#.#5-&.’ 3% %2&-.-,,- θ /:- 3-8- #8-.- 8#(’.- $#.% # ! ,’&&’ (@%$’&-,%
21((#* N-/%3-.- (# $.’I#I%(%&; 3% -..’.- 3% M &%$’4 α* ?/-7(%-.- β - δ %2
5’3’ &#(- /:- %( &-,& H0 : θ = 0 #II%# $’&-26# 1 − β $-. θ = ±δ*
)* ?/-7(%-.- %( &%$’ 3% &-,&4 ’88-.’ %( &%$’ 3% I#..%-.- 3# 1&%(%66#.- - %(
215-.’ 5#,,%5’ 3% #2#(%,% K* C2# ,/-(&# $1D -,,-.- >#&&# %2 I#,- #
<1#2&’ .%$’.&#&’ 2-( J#.#7.#>’ )*O*P*
 * N-02%.- (# ,&#&%,&%/# &-,& /:- ,% 1&%(%66# - &.’8#.- (@-,$.-,,%’2- $-.
(@%2>’.5#6%’2- Vk(θ) $.’$’.6%’2#(- #( 215-.’ 3% ’,,-.8#6%’2%*
P* H.’8#.- %( >#&&’.- R #3#&&’ #( &%$’ 3% &-,& - #( 215-.’ 3% #2#(%,%4 K4 <1%2=
3% /#(/’(#.- % (%8-((% 3% %2>’.5#6%’2- 2-/-,,#.% $-. ’72% #2#(%,%4 ’88-.’
Vk(θ) = (k/K)RV (θ)4 k = 1,...,K4 3’8- V (θ) A (@%2>’.5#6%’2- 3% Q%=
,:-. $-. 12 -,$-.%5-2&’ # /#5$%’2- 0,,’ #3 #(&-.2#&%8# I%(#&-.#(-* N%=
,-72#.- (@-,$-.%5-2&’ -3 %( /#5$%’2#5-2&’ %2 5’3’ /:- (# 215-.’,%&;
/#5$%’2#.%# $-.5-&&# 3% .#77%127-.- &#(% (%8-((% 3% %2>’.5#6%’2-*
E* "’231..- (@-,$-.%5-2&’ #$$(%/#23’ (# .-7’(# 3% #..-,&’ ,$%-7#&# $.-/-=
3-2&-5-2&-* !" #$%&’(’$)* +*,-.-/0* $’* 0*1’00* +* *$23&(/4*3$’ 56
 !" #$%&’(’$)* +*,-.-/0* $’* 0*1’00* +*
*$23&(/4*3$’
78/,,-$4*3$’ +* 0/13&/&’ %3$ .&-99* +* 3,,’&1/4*3$* %3$ -.-/0’ $-(’&3,*):;
<$3&/ /+3))/)/ )&31/ ,%/&,/ /990*%/4*3$’ / 0*1’003 9&/)*%3! =-> ,-%%’&+’&’
%?’ * 0*1’00* +* *$23&(/4*3$’ 3,,’&1/)* +-&/$)’ *0 %3&,3 +* -$ ’,9’&*(’$)3 $3$
,*/$3 ’@-*1/0’$)* / @-’00* /))’,*; %/0%30/)* *$ 2/,’ +* 9&3.&/((/4*3$’!
7’ +*A’&’$4’ )&/ * 0*1’00* +* *$23&(/4*3$’ 3,,’&1/)* ’ @-’00* 3B*’))*13 %3$C
+-%3$3 / +’1*/4*3$* +/00’ 9&3B/B*0*): +* ’&&3&’ +* # ’ ## )*93 9*/$*<%/)’! #$
9/&)*%30/&’; +’1*/4*3$* +/0 1/03&’ +’008*$23&(/4*3$’ <$/0’ (3+*<%/$3 0/ 93C
)’$4/ ’A’))*1/; (’$)&’ +’1*/4*3$* $’00/ ,9/4*/)-&/ +’* 0*1’00* +* *$23&(/4*3$*
?/$$3 ’A’))3 ,-008’&&3&’ +* # )*93! #$ ,*)-/4*3$* +* @-’,)3 .’$’&’ 08’,9’&*(’$)3
9-> ’,,’&’ %3$+3))3 %3(’ 9&3.&/((/)3; ’ /+ 3.$* /$/0*,* 0/ 1’&*<%/ +8*93)’,*
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#3 -,-5$%’7 G-11%,’1 - H;.1@;(( I)JJJ7 "#$%&’(’ )K* D- /’,&#1&% 3% $.’$’.6%’L
1#(%&C 0-12’1’ ;&%(%66#&- $-. 3-91%.- (M%14’.5#6%’1- 5#,,%5# 1-/-,,#.%# $-.
%( &-,& ,-:;-16%#(-7 # $#.&%.- 3# :;-((# 3% ;1 &-,& # 1;5-.’,%&C /#5$%’1#.%#
9,,#&#*
N 0#(’.% 3% RP(K,α,β) 3-.%0#1’ 3#((’ ,&-,,’ &%$’ 3% /#(/’(% 1;5-.%/% ;&%L
(%66#&% $-. 3-&-.5%1#.- CP(K,α)*
 !"!  #$ %&’% () *+,-)&. & /$&0).1
N1 #(&-.1#&%0# #( &-,& #$$-1# 0%,&’7 OMP.%-1 - Q(-5%12 IRSTSK $.’$’12’1’ ;1
&-,& %1 /;% %( (%0-((’ 3% ,%21%9/#&%0%&C 1’5%1#(-7 1’1 0%-1- 5#1&-1;&’ ;2;#(-
$-. &;&&- (- #1#(%,%7 5# /.-,/- #( $.’/-3-.- 3-((’ ,&;3%’* U% /’1,-2;-16# .%L
,;(&-.C $%V 3%W/%(- .%9;&#.- (M%$’&-,% 1;((# 1-((- $.%5- #1#(%,% 5# $%V 4#/%(-
,;//-,,%0#5-1&-*
N( &-,& 4;16%’1# /’5- :;-((’ 3% A’/’/B7 5# /#5@%# (# ,;//-,,%’1- 3% 0#(’L
.% /.%&%/% c1,...,cK /8- %1 :;-,&’ /#,’ 3-.%0#1’ 3#((# 5’(&%$(%/#6%’1- 3% ;1#
/’,&#1&- CB(K,α) $-.
 
K/k* N1 &#( 5’3’ (- ,’2(%- ck 3-/.-,/’1’ #( /.-L
,/-.- 3% k7 -3 %( (%0-((’ 1’5%1#(- 3% ,%21%9/#&%0%&C /.-,/-* "’5- 1-( &-,& 3% !" #$%&’( )*+) +*,&*’-(.$( /"
01%1%23 $* %1+).’)( CB(K,α) +1’1 %.$%1$.)* (’ 4151 5. 6.7.’)(7* $. 8719.:
9($(); %148$*++(<. 5( *7717* 5( = )(81 8.7( .5 α! >( ’1)( %?* ,&.’51 K = 13
CB(1,α) = CP(1,α)! @.49(.’51 $* 9.77(*7*3 %.49(.’1 .’%?* $* %1+).’)( 5(
871817-(1’.$(); 8*7 ($ %.$%1$1 5*$$. ’&4*71+(); %.48(1’.7(. 4.++(4.! A.$(
%1+).’)( +1’1 7(817).)* (’ ).9*$$* +(4($( . ,&*$$* 8*7 ($ )*+) 5( 01%1%2 * +1’1
%.$%1$.)* .$$1 +)*++1 4151! >( <*5.3 .5 *+*48(13 B*’’(+1’ * A&7’9&$$ C DDD3
@.8()1$1  E!
 !"!# $ %&’% () *+,- & .’)+%)’
F&*+). G.4(6$(. 5( )*+) 9($.)*7.$(3 87181+). 5. H.’6 * A+(.)(+ CI"JKE L (’:
5(%(--.). 5. &’ 8.7.4*)71 ∆ .$ <.7(.7* 5*$ ,&.$* <.7(.’1 $* G174* 5*$$*
9.77(*7*3 *5 (’%$&5* ( )*+) 5( 01%1%2 * MNO7(*’ * P$*4(’6 %14* %.+( 8.7)(:
%1$.7(! =$ )*+) 7(Q&). H0 5181 $N.’.$(+( 5*$ 67&881 k +* |Zep,k| ≥ ck 51<*
ck = CWT(K,α,∆)(k/K)∆−1/2, k = 1,...,K, .$)7(4*’)( 871+*6&* %1’ $N.’.:
$(+( 5*$ 67&881 +&%%*++(<1! >* +( .77(<. .$$N&$)(41 67&8813 K3 +( 7(Q&). H0 +*
|Zk| ≥ CWT(K,α,∆) .$)(4*’)( +( .%%*)). H0!
07*’5*’51 ∆ = 0.5 1 ∆ = 0 +( 1))*’61’1 ( )*+) 5( 01%1%2 * MNO7(*’ * P$*:
4(’6 7(+8*))(<.4*’)*! R.$17( 5( ∆ )7. 0 * 0.5 7*+)()&)(+%1’1 )*+) %1’ 9.77(*7*
5( G174. (’)*74*5(.! @14* 8*7 ( 87*%*5*’)( )*+)3 $* %1+).’)( CWT(K,α,∆)
+1’1 +%*$)* 8*7 .++(%&7.7* &’ *7717* 5( = )(81 6$19.$* 8.7( .5 α! 0*7 $. ’&4*:
71+(); %.48(1’.7(.3 %.$%1$( ’&4*7(%( ?.’’1 G17’()1 ( <.$17( RWT(K,α,β,∆)
.<*’)( $. +)*++. G&’-(1’* 5( RP(K,α,β) * RB(K,α,β) <(+)* ’*( 87*%*5*’)(
)*+)!
= )*+) 5( H.’6 * A+(.)(+ +1’1 &’. G.4(6$(. 41$)1 7(%%. * S*++(9($*! T( 8.7:
)(%1$.7* (’)*7*++* +1’1 ,&*$$( %1’ ∆ = 0.25 %.7.))*7(--.)( 5. .48(* +16$(* ’*$$*
87(4* .’.$(+(3 %?* 7*’51’1 8(U 5(V%($* $N.77*+)1 .’)(%(8.)13 4. ’1’ )71881
*+)7*4* %14* ,&*$$* 5*( )*+) 5( MNO7(*’ * P$*4(’6! F&*+). G.4(6$(. 5( )*+)
615* 5( .$%&’( 5*( <.’).66( 5*( )*+) 5( 01%1%2 * MNO7(*’ * P$*4(’6! W(+8*))1
.$ 87(41 ?. (’ %14&’* 9.++. ’&4*71+(); %.48(1’.7(. .))*+. ,&.’51 ($ <*71
<.$17* 5*$ 8.7.4*)71 5( (’)*7*++* L 5(+).’)* 5.$$N(81)*+( ’&$$.! W(+8*))1 .$ )*+)
5( MNO7(*’ * P$*4(’6 ?. (’ %14&’* 9.++. ’&4*71+(); %.48(1’.7(. 4.++(4. ! "#$%&’(’ )* +,$-&&% &-’.%/%
- 0#(’.% /.%&%/% 0%/%1% # 23-((% 4% 31 &-,& # /#5$%’1- 6,,’ #( .#77%317%5-1&’
4-((83(&%5# #1#(%,%*
 !"#$%&’ ("!) *% +,-. " (!%,)%! /&- 0%!$&!)" -&0#,1%
+ &%&’(’ %((3,&.#&%0’ ,% .%$’.&# ’.# 31 -,-5$%’ 4-( &-,& 4% 9#17 - :,%#&%,
&.#&&’ 4# ;-11%,’1 - :3.1<3(( =)!!!> ?#.#7.#@’ )*A*BC* D $’,,%<%(- 4-.%0#.-
31 -,-5$%’ $-. %( &-,& 4% ?’/’/E ,-5$(%/-5-1&- 5’4%6/#1’ %( 0#(’.- 4% ∆>
$’1-14’(’ $#.% # !*F* G’ ,&-,,’ ,% $3H @#.- $-. %( &-,& 4% I8J.%-1 - K(-5%17>
4-61-14’ ∆ = 0*
L% %$’&%MM% 4% /’143..- 31 -,$-.%5-1&’ ,-23-1M%#(-> /’1 K = 5 7.3$$% 4%
’,,-.0#M%’1%> σ2 = 4> α = 0.05 - $’&-1M# 1 − β = 0.9 $-. µE − µC = ±1* N(
$#.#5-&.’ 4% %1&-.-,,- O #( ,’(%&’ θ = µE−µC /P- 0#(- 0 ,’&&’ H0* G# 0#.%#1M#
4-((’ ,&%5#&’.- 4% 5#,,%5# 0-.’,%5%7(%#1M# O %( .-/%$.’/’ 4-((8%1@’.5#M%’1-
#&&-,# $#.M%#(-> Vk(θ)* G8-,$-.%5-1&’ 0%-1- /’14’&&’ 3&%(%MM#14’ (- <#..%-.-
4% 9#17 - :,%#&%, /’1 ∆ = 0.25 - #4 ’71% #1#(%,% 0%-1- /#(/’(#&# (# ,&#&%,&%/#
&-,& Zep,k*
G# 135-.’,%&Q /#5$%’1#.%# 1-/-,,#.%# $-. 7#.#1&%.- % .-23%,%&% 4% $’&-1M#
0%-1- /#(/’(#&# 3&%(%MM#14’ (8-23#M%’1- VK(θ) = RB(K,α,β)V (θ)> /’1 V (θ) =
nf,2/(2σ2) - VK(θ) /’1 @’.53(#M%’1- #1#(’7# 5# /#(/’(#&# ,3 mK ’,,-.0#M%’R
1%* G# 135-.’,%&Q 1-/-,,#.%# $-. 31 &-,& # /#5$%’1- 6,,’ /’1 #(&-.1#&%0# <%(#R
&-.#(-> 3&%(%MM#14’ (# =)*)C O nf,2 = 84.1 ’,,-.0#M%’1% $-. &%$’ 4% &.#&&#5-1&’*
N( 0#(’.- 4-((# /’,&#1&- 4% $.’$’.M%’1#(%&Q> O RWT(K,α,β,∆) = 1.066 =:#R
<-((# )*B!> ;-11%,’1 - :3.1<3((> )!!!C* L% ’&&%-1- 23%14% mK = 1.066×84.1*
"’1 K = 5 % .-23%,%&% 4% $’&-1M# ,’1’ ,’44%,@#&&% ,- (- #1#(%,% %1&-.0#((#.%
,’1’ ,0’(&- ’71% m = 17.93 $#M%-1&% $-. &%$’ 4% &.#&&#5-1&’> #..’&’14#&’ #
BS*
+4 ’71% #1#(%,% 0%-1- .%/#(/’(#&# (# ,&#&%,&%/# &-,& #77%317-14’ (- 13’0-
.%,$’,&- ’,,-.0#&-* G- ,’7(%- P#11’ (# @’.5# CWT(K,α,∆)(k/K)∆−1/2 - %1
23-,&’ /#,’ CWT(5,0.05,0.25) = 2.136 =:#<-((# )*T> ;-11%,’1 - :3.1<3((> !" #$%&’( )*+) +*,&*’-(.$( /0






18k × 2 × 4
   







   
    ≥ 2.136(k/5)
−0.25
* +* ,&*+)8 ’8’ .>>(*’* :*4 ’*++&’ k = 1,...,5? .$$84. +( .%%*)). H0! 3$
’&5*48 5.++(58 7( 4(+:8+)* 8++*4>.)* :*4 $9*+:*4(5*’)8 ’*$ %85:$*++8 =
2mk = 180!
 !"!# $%&’%()*+ ) ,&-.%&-*&
@&.’78 +( %8’A48’).’8 )*+) +*,&*’-(.$(? +( :&B 7*%(7*4* ,&.$( :48:4(*)C %8’;
+(7*4.4*! D845.$5*’)* $* :(E (’7(%.)(>* +8’8 $* :48F.F($()C 7( *4484* 7( 3 *
33 )(:8? $. ’&5*48+()C %.5:(8’.4(. .))*+. * ,&*$$. 5.++(5.! @&*+)9&$)(5.
(’7(%. %8+. :8)4*FF* +&%%*7*4* ’*$ %.+8 :*GG(84*! D*$$. H.F*$$.  !0? )4.)).
7. I*’’(+8’ * H&4’F&$$ J 111? H.F*$$.  !K2? = 4(:84).)8 &’ *+*5:(8 7( %8’;
A48’)8 )4. ($ )*+) 7( L8%8%M * N9O4(*’ P Q$*5(’G %8’ RSK! T(.+%&’8 7*( )*+)
%8’+(7*4.)( 6’84. U. >.’).GG( * +>.’).GG(! 3$ )*+) 7( L8%8%M U. ’&5*48+()C
%.5:(8’.4(. .))*+. 5(’84* ,&.’78 |θ| = G4.’7*V :*4%(B .++*%8’7. (’ 5(+&;
4. 5.GG(84* ( 4*,&(+()( *)(%(! H&)).>(. ,&.’78 |θ| = :(%%8$8? $. ’&5*48+()C
%.5:(8’.4(. .))*+. = :(E .$). * .77(4())&4. +&:*4(84* . ,&*$$. 7( &’9.’.$(+( .
%.5:(8’* 6++8!
3$ )*+) 7( N9O4(*’ * Q$*5(’G? .>*’78 ($ $(>*$$8 7( +(G’(6%.)(>()C ’85(’.$*
7*$$9&$)(5. .’.$(+( >(%(’8 .$$. :48F.F($()C 7( *4484* 7( 3 )(:8 )8).$*? )&)*$.
%8’)48 $. +()&.-(8’* .5F(G&. (’ %&( $9(:8)*+( ’&$$. = .%%*)).). 5*’)4* >*44*FF*
4(6&).). (’ &’9.’.$(+( . %.5:(8’* 6++8 %U* %8’+(7*4( )&))( ( 7.)( 4.%%8$)(!
3’ .$%&’( %.+(? :*4 >.4(* 4.G(8’(? :&B *++*4* ’*%*++.4(8 +%*G$(*4* &’ )*+)
%U* 4*’7. 7(W%($* $9.44*+)8 7&4.’)* $* :4(5* .’.$(+(! L*4 *+*5:(8? :48F$*5(
)*%’(%( ’*$$. ,&.$()C 7*( 7.)(? 4(+8$)( :8%8 78:8 $9(’(-(8 7*$$9.’.$(+( 8 7(W%8$)C
’*$ %8’)48$$.4* $* .++&’-(8’( A.))* +&$$. 7(+)4(F&-(8’* 7*( 7.)( :*4 &’ %.5:(8’* ! "#$%&’(’ !) *+$,&&% &,’-%.%
 !"#$$! %&’(  !"#$%"& ’$ (%)&"#*+ "!,&-%.$)/ 0*,($%"*-$* *))&.* & .!* ’&1$*#$%"&
.)*"’*-’ (&- )-& )$($ ’$ )&.)2 3 )&.) 4*""% 5 6-!(($ ’$ %..&-1*#$%"$+ &--%-& ’$ (-$,%
)$(% α = 0.05 & (%)&"#* 1 − β = 0.9 (&- |µA − µB| = 12 7& %..&-1*#$%"$ (&- %6"$
)-*))*,&")% .%"% "%-,*8$ 0%" 1*-$*"#* σ2 = 4.2  %")&9 :&""$.%" & ;!-"<!88 =>???+
;*<&88* >25@2
 !"#$%&’ ($))% *%+%+, -./0$’& ’ (1’"$&2
/-(0%12&#-,H0)
|µA − µB| = 0.0 0.050 0.050 0.050
0.5 0.371 0.351 0.378
1.0 0.903 0.910 0.912
1.5 0.998 0.999 0.999
3(4- ’++)
|µA − µB| = 0.0 170.0 204.8 178.7
0.5 170.0 182.3 167.9
1.0 170.0 116.9 129.8
1.5 170.0 70.1 94.4
5,6) 7&8) (4- ’++)
|µA − µB| = 0.0 0.0 26.1 8.6
0.5 0.0 50.8 24.7
1.0 0.0 57.9 35.5
1.5 0.0 34.1 25.7
9’(&’ $%..’(’) 5% :-#;8, -%(,6#;<# #;.=, (# .’;+#$,6’(,<<# .=, (# .’92;%&>
+.%,;&%1.# $’&-,??, ;’; #..,&&#-, .’;.(2+%’;% ?#+#&, +’(’ +2 $’.=, ’++,-6#@
<%’;%) A#(% B2,+&%’;% +’;’ 8% 9%;’-, %;&,-,++, +, (# ;29,-’+%&> .#9$%’;#-%# C
+’+&#;<%#(, :%> 8#((# $-%9# #;#(%+%D #((’-# (# .’99%++%’;, 8% .’;&-’((’ 8,((E,@
+$,-%9,;&’ $’&-,??, ,++,-, -%(2&&#;&, # .’;&%;2#-, 2; ,+$,-%9,;&’ 8’$’ #6,-
’++,-6#&’ 2; 6#(’-, 8,( &,+& 9’(&’ #(&’ ;,((, $-%9, #;#(%+%F #;.=, +, %( 6%;.’(’
8% GEH-%,; I J(,9%;: ;’; C +&#&’ +2$,-#&’) 4’; +,9$-, $,-.%K (# +.,(&# C
+,9$(%.,) L( &,+& 8% M#;: I A+%#&%+ .’; ∆ = 0.25F .=, :’8, 8% 9’(&, 8,((,
$-’$-%,&> 8% B2,((% 8% /’.’.N , GEH-%,; I J(,9%;:F $2K ,++,-, 6%+&’ .’9, 2;
.’9$-’9,++’ &-# % 82,) !"#$%&% ’
(& $)*$ $+#!,-%&!+) .# /0#$)0)!.
 !" #$%&’()*+’$,
 ! "#$" $#%&#!’()*# ) +,&--( )*"#,!)"(./ ) %&#**( 0#$1,(""( !#* 2)-("/*/ 34 5
%&#**/ ",()!+/*),# -,/-/$"/ 0) 67("#7#)08 90 #$$/ .#,,: 0#0(1)"/ (* -,#;
$#!"# 1)-("/*/4 ",)"")!0/*/ -(< )--,/=/!0(")>#!"# 0#+*( )*",( "#$"4 (! %&)!"/
(* *)./,/ $./*"/ -#, %&#$") "#$( 5 ?)$)"/ $& 0( #$$/8 @( =),: -,(!1(-)*>#!"#
,(=#,(>#!"/ ) %&)!"/ ,(-/,")"/ !#* *(?,/ 0( 67("#7#)0 ABCCDE8 2/># ( "#$"
.($"( (! -,#1#0#!’)4 )!17# (* "#$" ",()!+/*),# $( -&F 0#$1,(.#,# ?)$)!0/$( $&
%&)!"(": 0( .#,/$(>(+*()!’) #0 &"(*(’’) /--/,"&!# ?),,(#,# -#, .#,(G1),# *H(;
-/"#$( 0( (!"#,#$$#8 9 0(I#,#!’) 0#+*( )*",( "#$" 7) (* .)!")++(/ 0( -/"#, #$$#,#
)--*(1)"/ $#!’) -,#G$$),# (* !&>#,/ >)$$(>/ 0( )!)*($(4 K4 / (* *(.#**/ 0( (!=/,;
>)’(/!# !#1#$$),(/ -#, /+!( )!)*($( # $/00($=) )11&,)")>#!"# ( ,#%&($("( 0#**#
-,/?)?(*(": 0( #,,/,# 0( J # JJ "(-/ )!17# %&)!0/ *# )!)*($( !/! $/!/ ",) */,/
#%&($-)’()"# !#( *(.#**( 0( (!=/,>)’(/!#8 J!/*",#4 -#, 0#"#,>(!),# *# ?),,(#,#
$/!/ $&K1(#!"( $#>-*(1( 1)*1/*(4 -/(175 .#!+/!/ )--,/$$(>)"# ) 0#**# ,#""#8
J* L),)+,)=/ 3 0#$1,(.# *# 1),)""#,($"(17# -,(!1(-)*( 0#* "#$" ",()!+/*),#8 J*
L),)+,)=/ M #$"#!0# %&)!"/ #$-/$"/ !#* L),)+,)=/ 3 !#( 1)$( (! 1&( *H(-/"#$(
)*"#,!)"(.) 0) .#,(G1),# $() ?(*)"#,)*# / &!(*)"#,)*#8 J* L),)+,)=/ N ,()$$&>#
+*( $",&>#!"( &"(*(’’)"( -#, )!)*(’’),# *H#$-#,(>#!"/ &!) ./*") 1/!1*&$/8   !"#$%&’& () *’ %+,% %-$"./&’"-+ 0$ 12$%+2+"0
 !" #$%$&&’%()&(*+’ ,%(-*(,$.( /’..0’),’%(1’-&2
!&3+ 4"%%& $. #-+5+0+.6"7 5$ ,$ 5&.5+.%-+-8 ,9 +,#+-$3+.%$ 5&3#"-"%$:$7 %-"
09+ %-"%%"3+.%$7 ; + !) *’ #"-"3+%-& 0$ $.%+-+,,+ θ < $.0$5+ 0+’’" 0$=+-+.6"
3+0$" %-" 09+ %-"%%"3+.%$ +0 < ,5"’"-+7 3+.%-+ $’ #"-"3+%-& 0$ 0$,%9->& λ 2"
0$3+.,$&.+ p − 1) ?$ < $.%+-+,,"%$ " :+-$@5"-+ ’A$#&%+,$ .9’’" 0$ 9/9"/’$".6"
0+$ 09+ %-"%%"3+.%$) ?+ ’A$#&%+,$ "’%+-."%$:" < 9.$’"%+-"’+7 ,$ 9%$’$66" $’ %+,%
%-$"./&’"-+ ,$./&’&7 3+.%-+ .+’ 5",& 0$ $#&%+,$ "’%+-."%$:" >$’"%+-"’+7 ,$ 9%$’$66"
$’ %+,% %-$"./&’"-+ 0&##$&)
*’ %+,% ,$ >"," #-$.5$#"’3+.%+ ,9 09+ B9".%$%87 ’"  !"#$7 Sk(0)7 + ’A$.C
4&-3"6$&.+ "%%+," #"-6$"’+7 Vk(0)7 +.%-"3>$ 5"’5&’"%$ #+- θ = 0) D" B9+,%&
3&3+.%&7 #+- "’’+//+-$-+ ’" .&%"6$&.+7 Sk(0) + Vk(0) :+--"..& $.0$5"%$ 5&. Sk
+ Vk) ?$ -$5&-0" ’" 4&-3" 0$ Sk + Vk $. %+-3$.$ 0$ B9".%$%8 0$ :+-&,$3$/’$".6"E
Sk = lθ(0, ˆ λ
(k)







0 < ’" ,%$3" 0$ 3",,$3" :+-&,$3$/’$".6" 0$ λ #+- θ @,,"%& #"-$ "
F) *. /+.+-"’+7 Sk(θ) 2" 0$,%-$>96$&.+ ",$.%&%$5" .&-3"’+ 0$ 3+0$" θVk(θ) +
:"-$".6" Vk(θ)7 + #+- θ = 07 Sk/
√
Vk 2" 0$,%-$>96$&.+ "##-&,,$3"%" .&-3"’+
,%".0"-0 G%"’+ 0$,%-$>96$&.+ < +,"%%" .+’ 5",& 0$ &,,+-:"6$&.$ .&-3"’$ 5&.
:"-$".6" .&%"H)
;,,+.6$"’3+.%+7 $’ %+,% %-$"./&’"-+ 0$ 1$%+2+"0 9%$’$66" $’ %+,%  !"#$7 Zup7
0$,59,,& .+’ I"-"/-"4& J)J)K) L+’ !"#$%&’&   :+--8 5&.,$0+-"%&7 $. "’%+-."%$:"7
$’ %+,% Zp + 9. ,9& 3$/’$&-"3+.%& >","%& ,9 "-/&3+.%$ ",$.%&%$5$ 0$ &-0$.+
,9#+-$&-+)
*’ %+,% %-$"./&’"-+ < ,:$’9##"%& "##-&,,$3".0& $’ #-&5+,,&  !"#$ 5&. 9.
3&%& M-&N.$".& 5&. 0+-$:" G%#&’(H θ + :"-$".6" 9.$%"-$"7 &,,+-:"%& "$ %+3#$
V1,...,VK) O" %+&-$" ,:$’9##"%" 0" 12$%+2+"0 GKPPQ7 I"-"/-"@  )KKC )K H
5&.,+.%+ 0$ &%%+.+-+ +,#-+,,$&.$ ,+3#’$5$ #+- >"--$+-+ ’$.+"-$ 0+’ %$#&
uk = a + cVk
lk = −a + 3cVk, !" #$%$&&’%()&(*+’ ,%(-*(,$.( /’..0’),’%(1’-&2 34
$ ,$%&(%’ /$ $,,%2))(1$5(2-( ,’% .$ 67-5(2-’ /( ,2&’-5$ 2&&’-7&’ (8-2%$-/2
.0’9’&&2 : !"#$%  &; /2<7&2 $. 12-(&2%$88(2 -2- *2-&(-72! =- ,$%&(*2.$%’>
$))71’-/2 *+’ .$ /()&(?75(2-’ *2-8(7-&$ /’..’ )&$&()&(*+’ Sk )($ @7’..$ /( 7-
12&2 A%2B-($-2 {S(V ),V > 0} (. &’)& &%($-82.$%’ *2-)(/’%$ ?$%%(’%’ .(-’$%(
)7. ,($-2 (V,S)!
C$ %’82.$ /( $%%’)&2 D $,,.(*$&$ *21’ )’87’! E($-2 uk ’ lk ( <$.2%( *+’
$))712-2 .$ ?$%%(’%$ )7,’%(2%’ ’ (-6’%(2%’ %(),’&&(<$1’-&’ $..0$-$.()( k> *(2D
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6’/6(7-%’/, (8,-$,.%9,/&’: ,1 ; 7/# 5#.%#<%(, 6#-7#(, 6’/ 9#--%9’ /,( $7/&’
Vmax* "% -% #&&,/1, 63, %/ 7/ &,-& -,>7,/B%#(,: (# >7#/&%&? 1% %/=’.9#B%’C
/, 7&%(%BB#&# $,. 6’/6(71,., (8,-$,.%9,/&’ -%# %/=,.%’., # >7,((# 1% 7/ &,-& #
6#9$%’/, A--’* F--,/1’ V ∗ 7/# 5#.%#<%(, 6#-7#(,: ; $’--%<%(, 1,.%5#./, (#
1%-&.%<7B%’/,: 6#(6’(#./, %( 5#(’., #&&,-’: (# 9,1%#/# , % $,.6,/&%(%*
G,. #5,., 7/8%1,# 1% 6’9, 1,.%5#., (# 1%-&.%<7B%’/, 1% V ∗ -% 1,A/%-6#/’
fi = P
 








Sk ∈ (lk,uk),k = 0,...,(i − 1)|θ = 0
 
6’/ i = 1,...,K: %$’&%BB#/1’ S0 = 0: l0 = −∞ , u0 = ∞* H# >7#/&%&? fi
1,A/%-6, (# $.’<#<%(%&? 1% #..,-&#., (8,-$,.%9,/&’ 1’$’ #5,. 5%’(#&’ (# -’0(%#
%/=,.%’., #((8iC,-%9# #/#(%-% , /’/ $.%9# , %( 5#(’., 1% I hi−giJ ; (# $.’<#<%(%&? 1%
#..,-&#., (8,-$,.%9,/&’ 1’$’ #5,. 5%’(#&’ (# -’0(%# -7$,.%’., #((8 iC,-%9# #/#(%-%
, /’/ $.%9#* +( 5#(’., #&&,-’ 1,((8%/=’.9#B%’/, V ∗ #( &,.9%/, 1,((8,-$,.%9,/&’
; 1#&’ 1#K
E(V
∗) = (f1 + h1 − g1)V1 +     + (fK + hK − gK)VK !" #$%&’(’ )*&&+*(,*-’.*$/0 1 









<$ .0)0 %$%&0=0 (’ ,0((0$0 7%&70&%-* ’ ,*-7*$/’&’! >*- %,,-0?0$)’.*$/’ (5&
7%&70&0 )*&&% )’(/-’35@’0$* )’ V ∗: (’ 8*)% A9’/*9*%) BCDDE: >%-%=-%?0 "!CC!FG!
H5%$)0 5$ *(,*-’.*$/0 (*I5*$@’%&* 8’*$* 70$7&5(0: (’ 9% *8’)*$@% ’$
?%80-* )’ 5$% )*&&* )5* ’,0/*(’! J ,0((’3’&* %8*-* 5&/*-’0-* -’,-08% )*&&+*8’K
)*$@% 79* &+*(,*-’.*$/0 (0(/’*$*: *(,-’.*$)0 ’ -’(5&/%/’ ’$ /*-.’$’ )’ &’8*&&0
)’ (’=$’;7%/’8’/4 0((*-8%/%: (/’.* ,5$/5%&’ * ’$/*-8%&&’ )’ 70$;)*$@%! L+’$/*-K
,-*/%@’0$* )’ /%&’ .’(5-* M &% (/*((% %)0//%/% ,*- ’ /*(/ % 7%.,’0$* ;((0: .%
$*&&+%.3’/0 )*=&’ *(,*-’.*$/’ (*I5*$@’%&’ $0$ *(’(/* 5$ 5$’70 %,,-077’0 ,*-
7%&70&%-&’! N0$0 (/%/’ ,-0,0(/’ 8%-’ .*/0)’: 79* ,0((0$0 ,0-/%-* %) 0//*$*-*
-’(5&/%/’ )’O*-*$/’ % ,%-/’-* )%&&0 (/*((0 ’$(’*.* )’ )%/’!
2’ (*=5’/0 /%&’ I5%$/’/4 8*--%$$0 *(,0(/* ?%7*$)0 -’?*-’.*$/0 %&&* )*;$’K
@’0$’ )’ A9’/*9*%) BCDDE: >%-%=-%; 1!FK1! G! L% ?5$@’0$* pK8%&5*: P(θ) M
)*;$’/% 70.* &% ,-03%3’&’/4: I5%$)0 ’& 8%&0-* )*& ,%-%.*/-0 M θ: )’ 0//*$*K
-* *8’)*$@% ’$ ?%80-* )*&&+’,0/*(’ )’ (5,*-’0-’/4 )*& /-%//%.*$/0 (,*-’.*$/%&*
?0-/* I5%$/0 I5*&&% 0//*$5/% 70$ &+’$(’*.* )’ )%/’ 0((*-8%/’ 0 ,’P ?0-/*! >*-
7%&70&%-* /%&* ?5$@’0$* M -’79’*(/0 I5’$)’ 5$ .*/0)0 79* 70$(*$/% )’ 70$?-0$K
/%-* * 0-)’$%-* /5//* &* ,0((’3’&’ -*%&’@@%@’0$’ )*&&+*(,*-’.*$/0! L+%,,-077’0
70$8*$@’0$%&* 5/’&’@@% &+0-)’$%.*$/0 )’ Q%’-3%$R( * S%)(*$ BCDTFG! <$ 3%(* %
I5*(/0 0-)’$%.*$/0: 5$ *(,*-’.*$/0 79* /*-.’$% 70$ &* (/%/’(/’79* (s(1),v(1))
?0-$’(7* .%==’0-* *8’)*$@% )’ 5$ *(,*-’.*$/0 79* /*-.’$% 70$ (s(2),v(2)) (*
s(1) > s(2) * v(1) = v(2): 0 (* s(1) (5,*-% &% 3%--’*-% (5,*-’0-*: * v(1) < v(2)
0,,5-* (* s(2) (5,*-% &% 3%--’*-% ’$?*-’0-*: * v(1) > v(2)! #) *(*.,’0: (’ (5,K
,0$=% )’ 70$)5--* 5$ *(,*-’.*$/0 70$ K = 2 %$%&’(’ 70$ 8%&0-’ ;$%&’ )*&&*
(/%/’(/’79* (s∗,v∗)! N* v∗ = V1 %&&0-%U
>(θ) = P(S1 ≥ s
∗) = 1 − Φ{(b
∗ − θV1)/
 
V1} ! "#$%&’(’ )* +( &,-& &.%#/0’(#., 1% 23%&,3,#1
4,/&., -, v∗ = V2
5(θ) =P
 






















6/# 7’(&# 1,8/%&# (# 9:/;%’/, p<7#(:, = $’--%>%(, ?#(?’(#., %( (%7,((’ 1% -%0/%<
8?#&%7%&@ $,. :/ &,-& ?’/ #(&,./#&%7# :/%(#&,.#(,A
p+ = 5(0)
, $,. :/ &,-& ?’/ #(&,./#&%7# >%(#&,.#(,A
p = 2 4%/ {5(0),1 − 5(0)}.
B# 9:/;%’/, p<7#(:, = :&%(%;;#&# ?’4, %/9’.4#;%’/, #00%:/&%7# -:% .%-:(&#&%
’&&,/:&% ?’/ :/ ,-$,.%4,/&’ -,C:,/;%#(,* B# ?’/?(:-%’/, 1% -:$,.%’.%&@ 1,(
&.#&&#4,/&’ -$,.%4,/&#(, = -:$$’.&#&# -, -% ’&&%,/, P(0) ≤ α* D%?,7,.-#E
P(0) ≥ 1 − α = # -’-&,0/’ 1,((F%$’&,-% 1% %/9,.%’.%&@ 1,( &.#&&#4,/&’ -$,.%<
4,/&#(,* G.#4%&, (# 9:/;%’/, p<7#(:, = %/’(&., $’--%>%(, 1,8/%., %/&,.7#((% 1%
?’/81,/;# $,. θ* H1 ,-,4$%’E -% 1,8/%-?#/’ θL , θU &#(% ?3, P(θL) = 0.025 ,
P(θU) = 0.975* H((’.#E P(θ ≤ θL(D)) = 0.025 , P(θ ≤ θU(D)) = 0.975* I,
-,0:, ?3, P(θL(D) ≤ θ ≤ θL(D)) = 0.95E J?9.* 23%&,3,#1 KLLME 5#.#0.#9’
 *NO 1’7, θ(D) = :/# 7#.%#>%(, ?#-:#(, ?3, .#$$.,-,/&# %( 7#(’., 1% θ .%-$,&&’ #
:/ $’&,/;%#(, 1#&#-,&E P* 5,.?%Q (θL,θU)E ?#(?’(#&% :&%(%;;#/1’ % 1#&% ’--,.7#&%
9’.4#/’ :/ %/&,.7#((’ 1% ?’/81,/;# 1% (%7,((’ 95% $,. θ*
 !"#$%&’ ("!) )*%+,-&.+*" /&, *%!$&!)" 0%,+*%"
R:#/1’ (, .%-$’-&, 1,% $#;%,/&% $’--’/’ #--:4,., -’(’ 1:, 7#(’.%E -%#4’ /,(
?#-’ 1% .%-$’-&, >%/#.%,* S’(%&#4,/&, :/’ 1,% 1:, 7#(’.% = .#$$.,-,/&#&%7’ 1%
:/ T-:??,--’U , (F#(&.’ 1% :/ T%/-:??,--’UE ?’4, $,. ,-,4$%’ %( 4#/%9,-&#.-%
’ 4,/’ 1% ,V,&&% ?’((#&,.#(%* S% -:$$’/0# 1% #/#(%;;#., .%-$’-&, %/1%$,/1,/&% !" #$%&’(’ )*&&+*(,*-’.*$/0 11
,-02*$’*$/’ )% ,%3’*$/’ /-%//%/’ 40$ 5$ /-%//%.*$/0 (,*-’.*$/%&* * 40$ 5$0
)’ 40$/-0&&0! 6* -’(,0(/* ,-02*$70$0 )%&&* 2%-’%8’&’ 4%(5%&’ X ∼ 9’$(mk,pC)
* Y ∼ 9’$(mk,pE): ’$ -’;*-’.*$/0 %& /-%//%.*$/0 )’ 40$/-0&&0 * (,*-’.*$/%&*
-’(,*//’2%.*$/*! <’ (5,,0$7% )’ (20&7*-* &% k=*(’.% %$%&’(’: * >5’$)’ )’ %2*-*
% )’(,0(’3’0$* 2mk -’(,0(/* 0((*-2%/*!
?$ 7*$*-%&*: $*7&’ *(,*-’.*$/’ 40.,%-%/’2’: (’ @%$$0 0((*-2%3’0$’ ,-02*=
$’*$/’ )% )5* )’2*-(* )*$(’/A: 022*-0 f(x;ψ1,η) * f(x;ψ2,η) )02* η B 5$
,%-%.*/-0 )’ )’(/5-80 40.5$* ’7$0/0! ?& ,%-%.*/-0 )’ ’$/*-*((* ,5C *((*=
-* %) *(*.,’0 θ = 1
2(ψ1 − ψ2) * ’ ,%-%.*/-’ )’ )’(/5-80 (0$0 %) *(*.,’0
φ = 1
2(ψ1 + ψ2) *) η!
?$ >5*(/0 *(*.,’0 η $0$ B ,-*(*$/*: * ’& ,%-%.*/-0 )’ )’(/5-80 )*-’2%
)%&&% -’,%-%.*/-’33%3’0$* 5/’&’33%/% ,*- *(,&’4’/%-* θ * 2’*$* ’$)’4%/0 40$ λ!
?& ,%-%.*/-0 )’ ’$/*-*((* 4@* (’ )*(’)*-% 5/’&’33%-* ,*- .’(5-%-* &% )’D*-*$3%







<’ $0/’ 4@* ’& (50 2%&0-* B $5&&0 (0//0 &+’,0/*(’ $5&&% )’ 575%7&’%$3% )*’ )5*
/-%//%.*$/’!
<’ -’,%-%.*/-’33% ’& .0)*&&0 5/’&’33%$)0 ψ1 = 2log{pE(1 − pE)} * ψ2 =






* λ = log
 
pEpC
(1 − pC)(1 − pE)
 
?& ,%-%.*/-0 )’ )’(/5-80 B λ!
6% &07 2*-0(’.’7&’%$3% ,*- ’& .0)*&&0 5/’&’33%/0 ,*- ’& /-%//%.*$/0 (,*-’=
.*$/%&* 5/’&’33%$)0 ’ )%/’ F$0 %&&+%$%&’(’ k BE




ψ1yk − mk log(1 + e
1/2ψ1).










ψ2xk − mk log(1 + e
1
2ψ2).
5#$,/1’ 63, ψ1 = λ+θ , ψ2 = λ−θ 7 $’--%8%(, ’&&,/,., (# (’0 4,.’-%9%0(%#/:#










5% $<> ?<%/1% $.’6,1,., #( 6#(6’(’ 1% Sk = lθ(0, ˆ λ
(k)








B,. %( 6#(6’(’ 1% IkA 1#&’ 63, -% -&# 6’/-%1,.#/1’ %( 6#-’ 9<(&%$#.#9,&.%6’A






= lθθ(θ, ˆ λ
(k)
0 ) − {jθλ(θ, ˆ λ
(k)








(xk + yk)(2mk − xk − yk)
8mk
.

























1’4, δ 7 %( 4#(’., 1,( $#.#9,&.’ 1% %/&,.,--, -’&&’ (D%$’&,-% #(&,./#&%4#* E,
8#..%,., #--<9’/’ ?<,-&# ;’.9# %$’&%::#/1’ 1
2α = β , 9’/%&’.#00%’ 6’/&%/<’* !"#$%&% ’
()$*+)#%+* ,*& $*)$ ,# -.#$*.*!,
 !" #$%&’()*+’$,
 !"#$% %&&% ’%($ #" )*$(+, &%-,., / %00&"1%.$ " 2$+,#" %("3+,+"1" #" -$.,("2"4
5&"%36% #" ,.#"3$ (*0$.",.$ %& +$(+ #" 78"+$8$%# 0$. $(0$."2$3+" 1,20%.%+"-"9
:%&$ %00&"1%6",3$ / (*55$."+% #%& ;%++, 18$ "& +$(+ +."%35,&%.$ *+"&"66% )*%34
+"+< ’%(%+$ (*&&% -$.,("2"5&"%36% $ (;.*++% &!%00.,(("2%6",3$ 3,.2%&$ 0$. &%
#"(+."’*6",3$ #$&&%  !"#$9 78"+$8$%# =>??@A B%.%5.%;, C9?D (*55$."(1$ &% 0,(4
("’"&"+< #" *+"&"66%.$ &% -$.(",3$ &,5 .%00,.+, #" -$.,("2"5&"%36% "3 &*,5, #$&&%
(+%+"(+"1%  !"#$ =78"+$8$%#A >??@A B%.%5.%;, C9?9>D $ #" ."1,..$.$ % +.%(;,.4
2%6",3" 3,.2%&"66%+$ 0$. 2"5&",.%.$ &!%00.,(("2%6",3$ 3,.2%&$ =78"+$8$%#A
>??@A B%.%5.%;, C9?9ED9
F$& B%.%5.%;, G #" )*$(+, 1%0"+,&, -$..%33, "3+.,#,++" " 2$+,#" %("3+,+"1"
#" ,.#"3$ (*0$.",.$ ’%(%3#,(" (*" -,&*2" #" B%1$ $ H%&-%3 =>??ID $ H$-$."3"
=GJJJD9 F$" B%.%5.%K C $ E -$..< (0"$5%+% &!"3+*"6",3$ %&&% ’%($ #$& &%-,4
., (-,&+,A " ."(*&+%+" %++$(" $ &!,.5%3"66%6",3$ #$&&% ."1$.1% 0$. -$."K1%.&"9 L
."(*&+%+" ,++$3*+" (%.%33, $(0,(+" 3$& B%.%5.%;, M9 ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
 !" # $%&’() *+),&’&)-) () ’.(),% +/0%.)’.%
2# &-’3%# #,%.&’&%4# /% ’3/%.- ,5$-3%’3- ,% 6#,# ,5 3%,5(&#&% 3-(#&%7#8-.&-
3-4-.&%9 ,544-,,%7% #( :;!<* "’8- %./%4#&’ /#( .’8-9 % 8-&’/% /% ’3/%.- ,5$-=
3%’3- $-38-&&’.’ /% ’&&-.-3- #$$3’,,%8#>%’.% #,%.&’&%41- $-3 (- ?5#.&%&@ /%
7-3’,%8%A(%#.># 4’. -33’3- #,%.&’&%4’ $%B $%44’(’ 3%,$-&&’ #((- #$$3’,,%8#>%’=
.% /-( $3%8’ ’3/%.-* C-3&#.&’9 &#(% 8-&’/% 4’.,-.&’.’ /% 3#D.#3- #(45.% /-%
3%,5(&#&% /-( $3%8’ ’3/%.-*
E% 4’.,%/-3% 5. 8’/-((’ ,&#&%,&%4’ $#3#8-&3%4’ 3-A’(#3- 4’. A-.-3%4’ $#=
3#8-&3’ ψ ∈ Ψ ⊆ Rp* E% %./%41% 4’. s(x) (# ,&#&%,&%4# ,5D4%-.&- 8%.%8#(-
/% &#(- 8’/-((’ - ,% ,5$$’.A# 41- $’,,# -,,-3- 3#$$3-,-.&#&# %. F5.>%’.- /%
( ˆ ψ,a)9 /’7- a G 5.# ,&#&%,&%4# #.4%((#3-9 ’,,%# 4’. /%,&3%65>%’.- %./%$-./-.&-
/# ψ - &#(- 41- (# 3-(#>%’.- 41- (-A# s(x) - ( ˆ ψ,a) ,%# 6%5.%7’4#* H. ?5-,&’ 4#,’
(# F5.>%’.- /% (’A 7-3’,%8%A(%#.>#9 l(ψ)9 $5I -,,-3- 3%,43%&&# 4’8- l(ψ; ˆ ψ,a)9
$-3 -.F#&%>>#3- %( F#&&’ 41- G F5.>%’.- /-% /#&% &3#8%&- (# ,&#&%,&%4# ,5D4%-.&-
( ˆ ψ,a)9 ’(&3- 41- /-( $#3#8-&3’ ψ*
H 8-&’/% #,%.&’&%4% /% ’3/%.- ,5$-3%’3- 6#,#.’ 8’(&% /-% (’3’ 3%,5(&#&% ,5((J5=
&%(%>>’ /% 5.J#$$3’,,%8#>%’.- /-((# /-.,%&@ /-((’ ,&%8#&’3- /% 8#,,%8# 7-3’,%=
8%A(%#.># 4’./%>%’.#&# #((# ,&#&%,&%4# #.4%((#3- a9 #(&%8-.&% 41%#8#&# F’385(#
p∗ /% K#3./’3L=M%-(,-. N:;!<9 :;!OP*
2# F’385(# p∗ 1# (# ,-A5-.&- -,$3-,,%’.-Q
p
∗( ˆ ψ;ψ|a) = c(ψ,a)|j( ˆ ψ; ˆ ψ,a)|
1/2 exp{l(ψ; ˆ ψ,a) − l( ˆ ψ; ˆ ψ,a)} N)*:P
4’. c(ψ,a) 4’,&#.&- /% .’38#(%>>#>%’.-* H. A-.-3#(-9 p∗ #$$3’,,%8# (# /-.,%&@
4’./%>%’.#&# -,#&&# /% ˆ ψ|a 4’. -33’3- /% ’3/%.- O(n−3/2)9 4%’GQ
p ˆ ψ|A=a( ˆ ψ;ψ,a) = p
∗( ˆ ψ;ψ|a){1 + O(n
−3/2)}.
M-( 4#,’ /% F#8%A(%- /% $’,%>%’.- - ,4#(#9 4’. ˆ ψ = (ˆ µ, ˆ σ) -/ a = (a1,...,an)9 p∗
/@ -,#&&#8-.&- (# /%,&3%65>%’.- /% ˆ ψ|a ’7- a G (# ,&#&%,&%4# /% 4’.RA53#>%’.-9
4’. ai = (yi − ˆ µ)/ˆ σ9 i = 1,...,n* S(&3% 4#,% /% -,#&&->># .’. 7-33#..’ ?5% !" # $%&’() *+),&’&)-) () ’.(),% +/0%.)’.% 12
&.*&&*&)! 3%. *00.’4’,()$%,&) +) .)$*,(* * 3*-% % 5*67*, 8922:; 3*.*<.*4’
99!"= % 5%7%.),) 8">>>; 3*.*<.*? :!@; :!:!1=!
 !"!# $%&’()*( +),(-./0% ,( Z % Zp
A.*$)&% 6B/&)6)CC’ (%66* 4’.$/6* p∗ D 0’++)E)6% $’()?-*.% *6-/,% F/*,&)&G -*6H
-’6*&% -’, ) $%&’() *+),&’&)-) (%6 0.)$’ ’.(),% *66’ +-’0’ () ’&&%,%.% .)+/6&*&)
() *00.’++)$*C)’,% 0)I *--/.*&)! A*6) 0%.4%C)’,*$%,&) .)</*.(*,’ ), 0*.&)H
-’6*.% 6% ()+&.)E/C)’,) ,/66% () W; We; Wu % Z; (%?,)&) ,%6 3*.*<.*4’ "!"!9;
*,-J% ,%66% *,*6’<J% 7%.+)’,) 0%. $’(%66) -’, 0*.*$%&.) () ()+&/.E’! #, F/%H
+&’ 0*.*<.*4’ -) +) -’,-%,&.%.G +’6*$%,&% +/66* 7%.+)’,% $’()?-*&* () Z %
Zp! K%..G /&)6)CC*&’ )6 -’,-%&&’ () ’.(),% () /,* +/--%++)’,%; ),()-*&’ -’,
)6 +)$E’6’ O( ) ,%6 -*+’ (%&%.$),)+&)-’ % -’, Op( ) ,%6 -*+’ +&’-*+&)-’ 8-4.!
3*-% % 5*67*,; 922L; 3*.*<.*4’ @! !9=!
5) -’,+)(%.) ),,*,C)&/&&’ 6* +%</%,&% &.*+4’.$*C)’,% 0%. /,* 7*.)*E)6% -*H





(’7% h D () ’.(),% O(1); h(0) = 1 % ¯ c D /,* -’+&*,&% (%6 &)0’ ¯ c = 1 +
O(n−1)! M 0’++)E)6% ()$’+&.*.% 8-4.! 5%7%.),); ">>>; 3*.*<.*4’ L!"= -J% /,*
&.*+4’.$*C)’,% () X D (*&* (*N
X






O* 7*.)*E)6% -*+/*6% X∗ J* ()+&.)E/C)’,% ,’.$*6% +&*,(*.( -’, %..’.% ()
’.(),% Op(n−3/2)!
5) -’,+)(%.) F/),() )6 &%+& 6’< .*00’.&’ () 7%.’+)$)<6)*,C*; Z; ,%6 -*+’
$’,’0*.*$%&.)-’N
Z = +<,( ˆ ψ − ψ){2(l( ˆ ψ) − l(ψ))}
1/2. ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
23#$$4’,,%5#6%’.- p∗ 7 /#&# /#
cj( ˆ ψ)
1/2 exp{l(ψ) − l( ˆ ψ)}
/’8- l(ψ) ≡ l(ψ; ˆ ψ,a) 7 8%,&’ 9’5- :;.6%’.- /% ˆ ψ $-4 a <,,#&#= - c $;> -,,-4-
,94%&&’ 9’5- c = ¯ c/
√




2 = l( ˆ ψ) − l(ψ) @)*AB
















   
/’8- j( ˆ ψ) 7 8%,&’ 9’5- ;.# :;.6%’.- /% z* D&%(%66#./’ (# @)*AB= -/ %./%9#./’
9’. l; ˆ ψ( ) (# /-4%8#&# $4%5# /-((# (’E 8-4’,%5%E(%#.6#= 4%,$-&&’ #((# ,&%5# /%




= l; ˆ ψ( ˆ ψ) − l; ˆ ψ(ψ);
$-49%>
   ∂ ˆ ψ
∂z
    =
|z|
|l; ˆ ψ( ˆ ψ) − l; ˆ ψ(ψ)|
.
D.3;(&-4%’4- #$$4’,,%5#6%’.- $-4 (# /-.,%&C /% Z= 9’.,%/-4#./’ ˆ ψ 9’5- :;.G
6%’.- /% z 7 H;%./%
¯ c
j( ˆ ψ)1/2|z|
|l; ˆ ψ( ˆ ψ) − l; ˆ ψ(ψ)|
φ(z)





¯ cj( ˆ ψ)1/2|z|
|l; ˆ ψ( ˆ ψ) − l; ˆ ψ(ψ)|
.
- h(0) = 1= -,,-./’ 91- z = 0 9’44%,$’./- # ˆ ψ = ψ* 2# 8-4,%’.- 5’/%<9#&# !" # $%&’() *+),&’&)-) () ’.(),% +/0%.)’.% 12
() Z 0%.&*,&’ 3 (*&* (*
Z





U = j( ˆ ψ)
−1/2{l; ˆ ψ( ˆ ψ) − l; ˆ ψ(ψ)}.
#4 &%+& Z∗ 5* ()+&.)6/7)’,% N(0,1) -’, %..’.% () ’.(),% Op(n−3/2)! #4 +%8,’
() U 3 4’ +&%++’ () Z 0%.-)9 U/Z ,’, 0/9 %++%.% ,%8*&):’!
;%4 -*+’ ), -/) )4 0*.*$%&.’ -’$04%++):’ +)* +/(():)+’ ), (/% 64’--5) ()
-’$0’,%,&)< (θ,λ)< ),()-*&):% .)+0%&&):*$%,&% (%4 0*.*$%&.’ +-*4*.% () ),=
&%.%++% % () >/%44’ () ()+&/.6’ () ()$%,+)’,% p − 1< 3 0’++)6)4% -*4-’4*.% 4*
:%.+)’,% $’()?-*&* () Zp< *:%,&% ()+&.)6/7)’,% ,/44* N(0,1) -’, ’.(),% ()
%..’.% Op(n−3/2)! # 0*++*88) +:’4&) 0%. ’&&%,%.% &*4% >/*,&)&@ +) 0’++’,’ &.’=
:*.% ), A%:%.),) B"CCC< D*.*8.*E’ F! G! H++/$%,(’ -5% 4* +&*&)+&)-* +/I-)%,=
&% $),)$*4% +)* %+0.)$)6)4% ,%44* E’.$* (ˆ θ, ˆ λ,a) -’, a *,-)44*.%< 4* :%.+)’,%
$’()?-*&* () Zp 3J
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Up =
         
l; ˆ ψ( ˆ ψ) − l; ˆ ψ( ˆ ψθ)
lλ; ˆ ψ( ˆ ψθ)





(’:% j( ˆ ψ) 3 4* $*&.)-% () ),E’.$*7)’,% ’++%.:*&* 0%. ψ -*4-’4*&* ), ˆ ψ = (ˆ θ, ˆ λ)<
jλλ( ˆ ψθ) 3 )4 64’--’ (λ,λ) (%44* $*&.)-% () ),E’.$*7)’,% ’++%.:*&* -*4-’4*&’ ),
ˆ ψθ = (θ, ˆ λθ) % lλ; ˆ ψ( ˆ ψθ) = ∂l; ˆ ψ( ˆ ψθ)/∂λ!
L* &%’.)* +/88%.)+-% 0%.&*,&’ -5% +’+&)&/).% /,* >/*,&)&@ -*4-’4*&* -’,
$%&’() *+),&’&)-) (%4 0.)$’ ’.(),%< -’, )4 +/’ %>/):*4%,&% -*4-’4*&’ -’, $%&’()
*+),&’&)-) () ’.(),% +/0%.)’.%< -’,+%,&% () .)(/..% 4M%..’.% () *00.’++)$*7)’,%!
H( %+%$0)’< +’+&)&/%,(’ 4* +&*&)+&)-* Zp -’, )4 +/’ %>/):*4%,&% Z∗
p< 4M%..’.%
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* Op(n−3/2)! ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
 !" #$%&’( &% )(*’
+,,-./’ %( &-,& /% 01%&-1-#/ 2#,#&’ ,3((4#$$5’,,%6#7%’.- .’56#(- $-5 (#
/%,&5%237%’.- /-((#  !"#$8 9 $’,,%2%(- :1- % 5%,3(&#&% ’&&-.3&% .’. ,%#.’ 6’(&’
#::35#&% ,’$5#&&3&&’ .-( :#,’ /% $%::’(% :#6$%’.%* ; &#( $5’$’,%&’ ,% .’&% :1-
%. 2#,- #((# &-’5%#8 (# :’.<-5=-.7# /% Z∗
p #((# $5’$5%# /%,&5%237%’.- #,%.&’&%:#
9 $%> <-(’:- /% ?3#.&’ #::#/- $-5 % &-,& :1- 3&%(%77#.’ (# &-’5%# #,%.&’&%:#
/-( $5%6’ ’5/%.-* @% 9 $-.,#&’ ?3%./% /% 6’/%A:#5- %( &-,& /% 01%&-1-#/8 %.
6’/’ /# 5-./-5(’ $%> $5-:%,’ .-% :#,% %. :3% ,% 1#..’ # /%,$’,%7%’.- $’:1-
’,,-5<#7%’.%*
B( 5#=%’.#6-.&’ $#5&- /#( C#&&’ :1- %( &-,& /% 01%&-1-#/ 3&%(%77# (# ,&#&%D
,&%:# Sk(θ) = Zup,k
 
Vk(θ) :#(:’(#&# %. θ = 0 - :1- (- ,&#&%,&%:1- Zp - Zup ,’.’
-?3%<#(-.&% # (%<-((’ #,%.&’&%:’* @% 1# ?3%./% :1- 3.# ,’,&%&37%’.- /-((# ,&#&%,&%D
:# Sk(θ) :’. Zp,k
 
Vk(θ) .’. $5’<’:# <#5%#7%’.% # (%<-((’ #,%.&’&%:’8 /#&’ :1-
-.&5#62- (- ?3#.&%&E 1#..’ /%,&5%237%’.- #,%.&’&%:# .3((# N(0,Vk(0))* F#(-
-?3%<#(-.7# 9 ,’,&-.3&# #.:1- /# 01%&-1-#/ GHIIJ8 $*  KL* M $’,,%2%(- %.’(&5-
,’,&%&3%5- 3(&-5%’56-.&- Zp,k
 




:#(:’(#&# %. θ = 08 :1- ,% 5%&%-.- $’,,# C’5.%5- 3.# 6%=(%’5- #$$5’,,%6#7%’.-
#,%.&’&%:# - 1# /%,&5%237%’.- #,%.&’&%:# N(0,Vk(0))* N#((43(&%6# ,’,&%&37%’.-
:% ,% #&&-./- 3.# 6#==%’5 #::35#&-77# /-% 5%,3(&#&%8 $#5&%:’(#56-.&- %. :#D
,’ /% 2#,,# .36-5’,%&E :#6$%’.#5%#* @- ?3-,&’ C’,,- <-5%A:#&’8 $-5 $%::’(%
:#6$%’.%8 %( &-,& /% 01%&-1-#/ 6’/%A:#&’ ,#5-22- 6%=(%’5- /% ?3-((’ :(#,,%:’*




$5’/3:- -O-&&%<#6-.&- % 6%=(%’5#6-.&% #&&-,%*
 !  +,-.,,.-( &’//( -%0’-0(
P-5 $5’<#5- (# <#(%/%&E /-((4%.&3%7%’.- /-( $#5#=5#C’ $5-:-/-.&-8 ,% ,’.’ 3&%(%7D
7#&- ,%63(#7%’.% Q’.&- "#5(’ :’. RKKKK 5-$(%:#7%’.%* ;<<#(-./’,% /-( @’C&D
S#5- T GT N-<-(’$6-.& "’5- F-#68 !KH!L - $5-./-./’ :’6- 5%C-5%6-.&’
/% :’.C5’.&’ 01%&-1-#/ GHIIJL8 9 ,&#&’ #$$(%:#&’ %( &-,& &5%#.=’(#5- %. &5-
/%O-5-.&% <-5,%’.%* U# $5%6# 3&%(%77# :’6- ,&#&%,&%:# &-,& ?3-((# ,:-(&# /# !  "#$%##%$& ’())& $*+($+& ,-
./*#(/(&’0 +*12 Sk(θ)  !" #$%&’(" )*+!+,," Zp,k
 




Vk(θ)  *)**$ %"!%&!"*$ +’ θ = 0.
/$- %&’0-&’*"-$ *-" !&-& + *-$ *+1+ *$#*  #&’& #*"*+ #*+2"*+  1$- &3’)’&  !"
1-&4"4+!+*5 (+ $--&-$ (+ 6 *+1& ($!!7$#1$-+2$’*& ’$! #)& %&21!$##& $ +! 8"!&-$
"**$#& ($!!7+’0&-2",+&’$ &##$-8"*" ’$%$##"-+" 1$- "--+8"-$ "( )’" %&’%!)#+&9
’$  E(V ∗). :" ;)$#*7)!*+2&  *-"2+*$ !7$#1-$##+&’$ (+ Vmax  #+ 1)< ($-+8"-$ +!
8"!&-$ "**$#& ($!!" ’)2$-&#+*5 %"21+&’"-+" ’$%$##"-+" 1$- %&’%!)($-$ !7$#1$9
-+2$’*&  E(mk∗). =)$#*& 8"!&-$ 8+$’$ 1&+ $#1-$##& %&2$ 1$-%$’*)"!$ -+#1$**&
"!!" ’)2$-&#+*5 %"21+&’"-+" ’$%$##"-+" (+ )’ *$#* " ’)2$-&#+*5 %"21+&’"-+"
>##"*" 1$- 8$-+>%"-$ !$ #*$##$ +1&*$#+ %&’ !$ #*$##$ 1-&4"4+!+*5 (+ $--&-$ (+ 6 $
66 *+1&  $ 8$--5 ($’&*"*& %&’ +! #+24&!& E(mk∗)%. ?" 1-&4"4+!+*5 (+ $--&-$ (+
6 *+1&  ˆ α 8+$’$ )*+!+,,"*" %&2$ +’(+%$ ($!!" 4&’*5 ($!!7"11-&##+2",+&’$. /+@
+! 8"!&-$ (+ ˆ α A 8+%+’& "! #)& 8"!&-$ ’&2+’"!$  α  1+@ +! 2$*&(& A 1-$%+#&.
6! 8"!&-$ (+ E(mk∗)% A +’8$%$ +’(+%$ ($!!7$B%"%+" (+ )’ 2$*&(& #$;)$’,+"9
!$ +’ *$-2+’+ (+ -+(),+&’$ ($!!" ’)2$-&#+*5 %"21+&’"-+" -+#1$**& "( )’ *$#*
" ’)2$-&#+*5 %"21+&’"-+" >##"*". C 1"-+*5 (+ 1-$%+#+&’$  8+$’$ %&’#+($-"*&
1-$0$-+4+!$ +! *$#* %D$ 2+’+2+,," E(mk∗)% #*+2"*&.
?$ "##)’,+&’+ 0"**$ 1$- -$1!+%"-$ +! *$#* *-+"’3&!"-$ #&’& !$ #$3)$’*+. E+
D"’’& " (+#1&#+,+&’$ ()$ 3-)11+ (+ &##$-8",+&’+ +’(+1$’($’*+ 1-&8$’+$’*+ ("
1",+$’*+ "##$3’"*+ " ()$ (+F$-$’*+ *-"**"2$’*+G x1,...,xmK $ y1,...,ymK %&’
3$’$-+%" (+#*-+4),+&’$ f(x;θC,λ) $ f(y;θE,λ). 6! 1$(+%$ C  8+$’$ )*+!+,,"*&
1$- %&’*-"((+#*+’3)$-$ +! 2&($!!& )*+!+,,"*& 1$- +! *-"**"2$’*& (+ %&’*-&!!& 
2$’*-$ +! 1$(+%$ E 8+$’$ )*+!+,,"*& 1$- +! *-"**"2$’*& #1$-+2$’*"!$. 6’ $’9
*-"24+ + 2&($!!+ +! 8$**&-$ (+ 1"-"2$*-+ A #)((+8+#& +’ )’" %&21&’$’*$ (+
+’*$-$##$ #%"!"-$  θC & θE  $ )’" (+ (+#*)-4& %&2)’$ "( $’*-"24+  λ. E+ ($#+9
($-" 8$-+>%"-$ !7)3)"3!+"’," *-" + ()$ *-"**"2$’*+  &88$-& *-" + ()$ 2&($!!+.
E+ ($>’+#%$ ;)+’(+ +! 1"-"2$*-& #%"!"-$ θ %D$ A )’" -+1"-"2$*-+,,",+&’$ ($+
()$ 1"-"2$*-+ θC $ θE  *"!$ %D$ 8"!3" H ;)"’(& θE = θC.
?7+1&*$#+ ’)!!" (+ )3)"3!+"’," ($+ ()$ *-"**"2$’*+ 8+$’$ 8$-+>%"*" #+" ’$! ! "#$%&’(’ !) *+&,-+%’-, .,( &,+& .% /0%&,0,#.
1#+’ .% #(&,2-#&%3# 4%(#&,2#(, 10, -,( 1#+’ .% #(&,2-#&%3# 5-%(#&,2#(,6 ’++%#7
H0 : θ = 0 1’-&2’ H1 : θ  = 0 ,
H0 : θ = 0 1’-&2’ H1 : θ > 0.
8,( $2%9’ 1#+’ 3%,-, 5&%(%::#&’ 5- &,+& &2%#-;’(#2, +%-;’(’6 9,-&2, -,( +,1’-.’
1#+’ 5- &,+& &2%#-;’(#2, .’$$%’) < &#( $2’$’+%&’ +% 2%1’2.# 10, $,2 5- &,+&
&2%#-;’(#2, +%-;’(’ +% %9$’-, C(0) = C+(0) = α/2 , $,2 5- &,+& &2%#-;’(#2,
.’$$%’ C(0) = C+(0) + C−(0) = α6 .’3, C(0) = (# $2’4#4%(%&> .% 2%?5&#2,
(@%$’&,+% -5((# A5#-.’ A5,+&# = 3,2#) B( (%3,((’ .% +%;-%?1#&%3%&> +1,(&’ = α =
0.05 , (# $’&,-:# β = α/2 = 0.025)
C’-’ +&#&% 1’-+%.,2#&% ,+$,2%9,-&% 1’- K #-#(%+%6 ’;-5-# +3’(&# #( 2#;D
;%5-;%9,-&’ .% m ’++,23#:%’-% #;;%5-&%3, $,2 ’;-% 1#9$%’-,) E, #-#(%+% +’-’
A5%-.% ,A5%+$#:%#&,) E# -59,2’+%&> 1#9$%’-#2%# $,2 (# kD,+%9# #-#(%+% = 2mk6
, (# -59,2’+%&> 1#9$%’-#2%# &’&#(, .,((@,+$,2%9,-&’ = 2mK) C% = +1,(&’ .%
1’-F2’-&#2, % &2, &,+& $,2 .%3,2+, -59,2’+%&> 1#9$%’-#2%, &’&#(%6 3#2%#-.’ %(
3#(’2, .% K , .% m) G,2 K +’-’ +&#&% +1,(&% % 3#(’2% H6 ! 6 6 I , $,2 m % 3#(’2%
J6 KL6 KJ6 HL6 JL)
B- F#+, .% $2’;,&&#:%’-, .,((@,+$,2%9,-&’ (# $2%9# 1’+# .# F#2, = .,?-%2,
(, +’;(%,6 ’++%# 1#(1’(#2, % 3#(’2% .% a , c6 , .,?-%2, %( 3#(’2, .,((@%-F’29#:%’-,
#&&,+# 9#++%9#6 Vmax) 8’29#(9,-&, %- 4#+, # Vmax 3%,-, .,?-%&# #-10, (#
-59,2’+%&> 1#9$%’-#2%# 9#++%9#6 , A5%-.% m , K) 8,( -’+&2’ 1#+’ $,2M6 +%
35’(, %9$’22, 5-# 4#++# -59,2’+%&> 1#9$%’-#2%#6 $,21%M % 3#(’2% .% m , K
+’-’ .,?-%&% # $2%’2%) 8, +,;5, 10, %( 3#(’2, .% δ 3,22> %9$’+&’ .#((# +1,(&#
.,((# -59,2’+%&> 1#9$%’-#2%# &’&#(,6 ’++%#7 3%,-, 1#(1’(#&’ %( 3#(’2, .% Vmax
+’&&’ H0 5&%(%::#-.’ 1’9, -59,2’ .% ’++,23#:%’-% %( -59,2’ 9#++%9’ .% ’+D
+,23#:%’-% .%+$’-%4%(% $,2 5- 1#9$%’-,6 mKN +% %9$’-, 10, Vmax 1’22%+$’-.#









, (@5-%1# A5#-&%&> %;-’&# = δ 10, 3%,-, A5%-.% .,?-%&# &2#9%&, A5,+&@,A5#:%’-,) !" #$%&’’( & )(*+’,-($.( /"
0 1$))(2(’& $3, 4,’4$’,3& ’& 4$)5,.5( a & c +5(’(--,.%$ ’& 6$3*+’& (3.1)!
7’ 1,))$ )+44&))(8$ 9 :+&’’$ %( 4$.)(%&3,3& ’, 4$33&-($.& %( 4$.5(.+(5; %&’<
’& )$=’(&> 4?& ?, ’@&A&55$ %( 3(%+33& ’@(.6$3*,-($.& *,))(*, .&4&)),3(, 1&3
’@&)1&3(*&.5$! B(&.& :+(.%( 4,’4$’,5, 53,*(5& ’, CD!DE ’@(.6$3*,-($.& *,))(<
*, 4?& 8&33; &A&55(8,*&.5& +5(’(--,5,! F( .$5( 4?& ’, 4$33&-($.& %&’ 8,’$3&
%&’’@(.6$3*,-($.& *,))(*,> 4$*1$35, ,.4?& +., 4$33&-($.& .&’’, .+*&3$)(5;
4,*1($.,3(, 5$5,’& 2mK! F( 9 %&4()$ %( )&=+(3& ’@,113$44($ (.%(4,5$ %, G&.<
.()$. CHIII> J,3,=3,6$  !"E> $))(, %( *,.5&.&3& (.,’5&3,5$ (’ 8,’$3& %( K & %(
*$%(K4,3& (’ 8,’$3& %( m! J&3 8(, %&’’, 4$33&-($.& %( 4$.5(.+(5;> :+(.%(> (’
8,’$3& %( m &A&55(8,*&.5& +5(’(--,5$ ),3; (.6&3($3& , :+&’’$ %&K.(5$ (.(-(,’<
*&.5&! L,’& 3(%+-($.& .$. (.M+()4& (. 5&3*(.( %( 4$.63$.5,2(’(5; 53, ( *&5$%(
%,5$ 4?& 9 +=+,’& 1&3 5+55( & 53& ( 5&)5!
 !" #$%&’’( & )(*+’,-($.(
F$.$ )5,5( 4$.)(%&3,5( %+& *$%&’’(> +.$ 1&3 %,5( 4$.5(.+( & +.$ 1&3 %,5(
%()43&5(! J&3 ( %,5( 4$.5(.+( 9 )5,5, +5(’(--,5, ’, %()53(2+-($.& .$3*,’& 4$.
8,3(,.-, (=.$5,> *&.53& 1&3 ( %,5( %()43&5( 9 )5,5, +5(’(--,5, ’, %()53(2+-($.&
2(.$*(,’&> (. %+& ,’5&3.,5(8& 4$.53,%%()5(.5& %, %(8&3)( 1,3,*&53( %( (.5&3&))&!
 !"!# $% &’()%%’ *’+&,%) -’* .,+/,*0, /1*’2,
7. :+&)5$ &)&*1($> 8&.=$.$ 4$.)(%&3,5( %,5( .$3*,’( =&.&3,5( %,’’& 8,3(,2(’(
4,)+,’( Xk ∼ N(µC,σ2) & Yk ∼ N(µE,σ2) 4$. 1,3,*&53( (=.$5(! N& $))&38,<
-($.( 13$8&.(&.5( %,’’& %+& 8,3(,2(’( 4,)+,’( ?,..$ +=+,’& .+*&3$)(5;! O$*&
*()+3, %&’’, %(A&3&.-, 53, ( %+& 53,55,*&.5( )( 9 (.(-(,’*&.5& 4$.)(%&3,5$ (’
1,3,*&53$ %( (.5&3&))& θ = µE − µC & (’ 1,3,*&53$ %( %()5+32$ 9 )5,5$ 1$)5$
λ = (µC,σ2)′! J&3 .$. ,11&),.5(3& ’, .$5,-($.&> %,5$ 4?& ( 1,3,*&53( %(
%()5+32$ .$. )$.$ )5,5( )$55$1$)5( , .&))+., 3(1,3,*&53(--,-($.&> 8&.=$.$
%&.$5,5( %( )&=+(5$ 4$. (’ ’$3$ )(*2$’$ $3(=(.,’& & .$. 4$. (’ )(*2$’$ λ!   !"#$%&’& () *+%,-+$&-, .,’ %,+% .$ /0$%,0,".
1" 23-4$&-, .$ ’&5 6,7&+$8$5’$"-4" 9&-5$3-%": #,7 k = 1,...,K: ;
l(θ,µC,σ
















k,i − ¯ y2
k)/mk: xk , yk +&-& ’, &++,76"4$&-$ 9"8#$&-"7$,
7$2,7$%, "’’" k<,+$8" "-"’$+$ , ¯ xk , ¯ yk +&-& ’, 8,.$, 9"8#$&-"7$, 9"’9&’"%,
"’’" k<,+$8" "-"’$+$) =- >3,+%& 9"+& $’ #"7"8,%7& 5,-,7"’, ψ = (θ,λ) 0"
.$8,-+$&-, p = 3) 1, +%$8, .$ 8"++$8" 6,7&+$8$5’$"-4" .,$ #"7"8,%7$ +&<
-& ˆ θ(k) = ¯ yk − ¯ xk: ˆ µ
(k)
C = ¯ xk: ˆ σ2(k) = (s2
yk + s2
xk)/2: , ’, +%$8, .$ 8"++$<
8" 6,7&+$8$5’$"-4" 6$-9&’"%,: +&%%& H0 : θ = 0: +&-& ˆ µ
(k)





xk)/2+((¯ yk−¯ xk)/2)2) ?,7 >3,+%& 8&.,’’& ’@$-2&78"4$&-, #"7<
4$"’, "%%,+" 9"’9&’"%" $- 9&77$+#&-.,-4" .,’ -38,7& 8"++$8& .$ &++,76"4$&-$
; Vmax = mK/(2ˆ σ
2(k)
0 )) A"’, 6"’&7, #,7B .$#,-., ."’’@$-+$,8, %&%"’, .,$ ."%$
, >3$-.$ -&- ; #&++$C$’, 9"’9&’"7’& $- 2"+, .$ #7&5,%%"4$&-, .,’’@,+#,7$8,-%&)
D3,+%& $8#,.$+9, .$ #7&9,.,7, &’%7, ."%& 90, Vmax 7"##7,+,-%" $’ #3-%& .$
#"7%,-4" #,7 9"’9&’"7, ’, C"77$,7, , >3$-.$ #,7 .,E-$7, ’, "’%7, >3"-%$%F -,9,+<
+"7$, "’’@,+#,7$8,-%&) =’ #"7"8,%7& .$ $-%,7,++, θ = µE − µC $- ,G,%%$ 6$,-,
+9&-+$5’$"%& ." /0$%,0,". HIJJK: ?"7"57"2& L)J)(M: "-90, -,’ 9"+& .$ 6"7$"-<
4" -&%") =-&’%7,: %7"8$%, +$83’"4$&-$: N"9,O HIJJPM .$8&+%7" 90, ’, #7&#7$,%F
.$ %,+% +,>3,-4$"’$ #,7 ."%$ -&78"’$ C"+"%$ +3 θ = µE − µC -&- +&-& 6$9$-$
"’’, #7,6$+$&-$ %,&7$90,) Q$ ; >3$-.$ .,9$+& .$ 3%$’$44"7, 9&8, #"7"8,%7& .$
$-%,7,++, >3,’’& 9&-+$5’$"%& ." /0$%,0,". HIJJKM: 9$&; θ = (µE − µC)/σ) =
#"7"8,%7$ .$ .$+%37C& +&-& 353"’$ " >3,’’$ .,’ 9"+& #7,9,.,-%,R µC , σ2) 1"
23-4$&-, .$ ’&5 6,7&+$8$5’$"-4" 9&-5$3-%": #,7 k = 1,...,K: ;
l(θ,µC,σ













1, +%$8, .$ 8"++$8" 6,7&+$8$5’$"-4" .,$ #"7"8,%7$ +&-& ˆ θ(k) = (¯ yk−¯ xk)/ˆ σ(k):
ˆ µ
(k)
C = ¯ xk: ˆ σ2(k) = (s2
yk + s2
xk)/2: , ’, +%$8, .$ 8"++$8" 6,7&+$8$5’$"-4"
6$-9&’"%, " θ = 0 +&-& ˆ µ
(k)




xk)/2 + ((¯ yk −
¯ xk)/2)2) 1@$-2&78"4$&-, .$ #"74$"’, "%%,+" ; Vk = mk/2 ,: 9"’9&’"%" #,7 $’
-38,7& 8"++$8& .$ &++,76"4$&-$ .$6,-%" Vmax = mK/2) S$+&’6,-.& #&$ ’" !" #$%&’’( & )(*+’,-($.( /0
1 !/2 3 4$))(5(’& 67$8,7& (’ 8,’$7& %( δ 9:& ,.%7; )$)6(6+(6$ .&’’& 1<!=2 4&7
%&6&7*(.,7& ’& 9$)6,.6( a & c! >., 8$’6, 67$8,6( ( 8,’$7( %( a & c 3 4$))(5(’&
67,*(6& ’, 1<!<2 67$8,7& (’ 8,’$7& %( V c
max! #,.6&.&.%$ (.,’6&7,6$ (’ 8,’$7& %(
K? & (*4$.&.%$ V c
max = mK/2? 3 4$))(5(’& 67$8,7& @+,’& ),7; (’ 8,’$7& %(
m &A&66(8,*&.6& +6(’(--,6$! >., 8$’6, %&B.(6& ’& 5,77(&7&? )( 4+C 9$.%+77&
’D&)4&7(*&.6$! E&.F$.$ F&.&7,6( mK %,6( 4&7 &.67,*5( ( 67,66,*&.6( %, +.,
%()67(5+-($.& .$7*,’&? X ∼ N(µC,σ2) & Y ∼ N(µE,σ2) 9$. σ2 = 4! G’ B.&
%( 9,’9$’,7& ˆ α &.67,*5( ( 9,*4($.( 8&.F$.$ F&.&7,6( )$66$ ’D(4$6&)( .+’’, %(
+F+,F’(,.-,? 4&79(C µE = µC = 0!
H 8,’$7( %&’’& @+,.6(6; +6(’(--,6& )$.$
Sk =





















p,k 8(&.& +6(’(--,6, ’, ’$F 8&7$)(*(F’(,.-, 7()97(66, (. *$%$ %,
&))&7& J+.-($.& %&( %,6( 67,*(6& ’& )6(*& %( *,))(*, 8&7$)(*(F’(,.-,! I&7





C , ˆ σ
















(k) + ˆ θ
(k)ˆ σ
(k)θσ + ˆ θ
(k)ˆ σ



























































, ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/


























































- &3#2%&- (# 8)*)9 : $’,,%;%(- 4#(4’(#3- Z∗
p,k*
5% $3’4-/- $’% # <-3%=4#3- ,- (# 3->’(# /% #33-,&’ : <-3%=4#&#* ?-( 4#,’ %.
47% (# ,&#&%,&%4# Sk .’. ,%# #((@%.&-3.’ /-((# A’.# /% 4’.&%.7#A%’.-B (@-,$-3%C
2-.&’ &-32%.#B #(&3%2-.&% ,% 3%$-&- %( $3’4-/%2-.&’ 7&%(%AA#./’ 7(&-3%’3% 2m
’,,-3<#A%’.%* 5- ,% #33%<# =.’ #((# KC-,%2# #.#(%,%B (@-,$-3%2-.&’ &-32%.#B -
$-3 4’,&37A%’.- 4% ,#3D -<%/-.A# -2$%3%4# %. E#<’3- /-((@%$’&-,% .7((# ’ /-(C
(@#(&-3.#&%<#* F.# <’(&# &-32%.#&’ (@-,$-3%2-.&’B <%-.- #..’&#&’ &3#2%&- 7.
4’.&#&’3- ,- (@%$’&-,% .7((# : ,&#&# 3%=7&#&#* G. 67-,&’ 2’/’B /%<%/-./’ %(
<#(’3- =.#(- /-( 4’.&#&’3- $-3 (- HIIII 3-$(%4#A%’.%B : $’,,%;%(- ’&&-.-3- 7.#
,&%2# /% ˆ α $-3 (@-,$-3%2-.&’ .-( ,7’ 4’2$(-,,’* J-2’3%AA#./’ %.’(&3- %. 7.
<-&&’3- %( .72-3’ k #( 67#(- &-32%.# ’>.% -,$-3%2-.&’B : $’,,%;%(- ’&&-.-3-
(# /%,&3%;7A%’.- /% k∗B ,% <-/# #/ -,-2$%’ (# K%>73# )*L* K#4-./’ (# 2-/%# /%
&7&&% % <#(’3% /% k∗ - 2’(&%$(%4#./’(’ $-3 %( <#(’3- /% m 7&%(%AA#&’ ,% ’&&%-.- (#
,&%2# /% E(mk∗)* ?-( 4#,’ /% &-,& ;%(#&-3#(-B %( .72-3’ /% <’(&- %. 47% <%-.-
3%=7&#&# (@%$’&-,% .7((# $-3 ,7$-3%’3%&D ’ %.E-3%’3%&D /-( &3#&&#2-.&’ ,$-3%2-.C
&#(- <-.>’.’ 2-2’3%AA#&% %. /7- 4’.&#&’3% /%<-3,% - %( .72-3’ &’&#(- /% 3%=7&%
: /#&’ /#((# (’3’ ,’22#* G. 67-,&’ 2’/’ : $’,,%;%(- <-3%=4#3- ,- (@-33’3- /% !" #$%&’’( & )(*+’,-($.( /0























































































Vk3 (##*)&#0 1() &) #*"# #$!0)4(,0$* "!)4(,( 1() 5673 869:3
;:::: $*/,!10’!()! * (""*$<0’!()! 4*)*$0#* +0 =(0,4)>
12(*$ 3(1$ 4 )(**&32(5$6 5($4 C+(0) = C−(0) = α/2!
7$ )3&))$ 12$5&%(*&.3$ 8(&.& +3(’(--,3$ 1&2 9’( ,’32( %+& 3&)3!
: 2()+’3,3( $33&.+3( %,’’& )(*+’,-($.( )$.$ 2(1$23,3( .&’’& ;,<&’’&  != &
 !>! 7?&22$2& %( )(*+’,-($.& )+’ 5,’5$’$ %&’’, 12$<,<(’(3@ %( &22$2& %( 12(*$
3(1$ 4 )3(*,3$ 1,2( , A!AAA0B! C&2 5,’5$’,2& E(mk∗)% 4 )3,3, +3(’(--,3, ’,
.+*&2$)(3@ 5,*1($.,2(, .&5&)),2(, 1&2 +. 3&)3 , .+*&2$)(3@ 5,*1($.,2(,
D)),3, +.(’,3&2,’& $))(,
nf,1 =
(Φ−1(1 − α) + Φ−1(1 − β))22σ2
δ2
& .&’ 5,)$ %( 3&)3 <(’,3&2,’& )( +3(’(--, nf,26 5E& )( $33(&.& )$)3(3+&.%$ α/2 ,’
1$)3$ %( α .&’’, F$2*+’, %( nf,1!
G,’’& 3,<&’’& )( .$3, 5E& (. 9&.&2,’&6 1&2 ( 32& 3&)36 ,’ 52&)5&2& %&’’, .+H
*&2$)(3@ 5,*1($.,2(,6 ( 8,’$2( %( ˆ α 5$.8&29$.$ ,’ ’$2$ 8,’$2& .$*(.,’& I5E& 4
A!A>" .&’ 5,)$ %( 3&)3 +.(’,3&2,’& & A!A" .&’ 5,)$ %( 3&)3 <(’,3&2,’&J! K 1,2(3@
%( .+*&2$ %( $))&28,-($.( %()1$.(<(’(6 mK6 ,% &)&*1($ 5$. K = 2 & m = 20
$ 5$. K = 4 & m = 106 (’ 8,’$2& )3(*,3$ %( E(mk∗)% 4 %&52&)5&.3& ,’ 52&)5&2&
%&’ .+*&2$ %( ,.,’()( K! :.$’32& (’ 8,’$2& %( E(mk∗)% 3&.%& , %&52&)5&2& ,’
52&)5&2& %( mK! ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
"’.23’.&#./’ % &3- &-,& &3#4%&- % /#&% 3%$’3&#&% .-((- &#5-((- ,% .’&# 61-
,%# .-( 6#,’ 5%(#&-3#(- 61- %. 78-((’ 8.%(#&-3#(-9 $-3 78#(,%#,% :#(’3- /% K -
m9 %( &-,& Z∗
p,k
√
Vk 3-,&%&8%,6- :#(’3% /% ˆ α $%; :%6%.% #( ,8’ :#(’3- .’4%.#(-* <
:#(’3% /% ˆ α 3%2-3%&% #% &-,& Sk - Zp,k
√
Vk ,’.’ 4’(&’ ,%4%(% &3# (’3’* =# .84->
3’,%&? 6#4$%’.#3%# .-6-,,#3%# $-3 6’.6(8/-3- (@-,$-3%4-.&’ A ,’,&#.B%#(4-.&-
(# ,&-,,# $-3 &8&&% - &3- % &-,&* C $’,,%5%(- 6’.6(8/-3- 78%./% 61- %( &-,& 61-




=# E#5-((# )*F 3%$’3&# (- $-36-.&8#(% /% -33’3- /% $3%4’ &%$’ $-3 ,8$->
3%’3%&? - %.2-3%’3%&? /-( &3#&&#4-.&’ ,$-3%4-.&#(- 6’.&-DD%#&- ,-$#3#&#4-.&-9
 !"#$$! %&’(  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! &% )( ,’+, ,$%!(0#"!$’
+%(0#"# (’""’ ,$’ 1!$%!(,% /’$ #++’$1!2%#(% (#*!"% .#( 1!$%!(2! %0(#,!3 4++’$1!2%#(%
0’(’$!,’ &! N(0,4)5 /!$!*’,$# &% %(,’$’++’ (µE − µC)/σ5 67777 +%*)"!2%#(%3












K =G m =H !*!)F !*!)H !*!FG  I*J  I*)  I*)
K! !*!F) !*!F) !*!GL LK*I LK*I LK*G
KH !*!FK !*!FG !*!GL  L*L  L*L  L*I
G! !*!F! !*!F! !*!G  L!*I L!*I L!*)
H! !*!GJ !*!GJ !*!GL  J*J  J*J  J*L
K =) m =H !*!FG !*!F) !*!GL IL*I IL*)  !*!
K! !*!GJ !*!GJ !*!GI IJ*  IJ*   !*G
KH !*!G  !*!G  !*!GH  !*G  !*G  !*H
G! !*!G  !*!G  !*!GH  !*K  !*K  !*G
H! !*!GI !*!GI !*!GH  !*I  !*I  !*I
K =I m =H !*!F! !*!FK !*!G  IL*  IL*I IJ*F
K! !*!GI !*!GI !*!GH I *J I *J IL*G
KH !*!GL !*!GL !*!GI I *I I *I I *L
G! !*!GI !*!GI !*!GH I *H I *H I * 
H! !*!G  !*!G  !*!GI I *I I *I I * 
K =L m =H !*!GL !*!GJ !*!GH IH*L IH*L II*!
K! !*!GI !*!GI !*!GH IH*L IH*L IH*J
KH !*!GI !*!GI !*!GH IH*H IH*H IH*I
G! !*!GI !*!GI !*!GH IH*I IH*I IH* 
H! !*!GI !*!GI !*!GH IH*L IH*L IH*L !" #$%&’’( & )(*+’,-($.( /0
(. 1(2&1(*&3$ ,’ 3&)3 31(,.4$’,1& %$55($! 6( 5+7 $))&18,1& 9:& ( 1()+’3,3( )$.$
)(**&31(9(; $))(, ’, 5&19&.3+,’& %( 1(<+3$ %&’’=(5$3&)( .+’’, 5&1 )+5&1($1(3> ?
*$’3$ )(*(’& , @+&’’, %( 1(<+3$ 5&1 (.2&1($1(3>!
 !"!# $% &’()%%’ *+,’&+-%) .’, /-0-&)10’ (+ +,1)0)22)
+%  !" !##$ %&’(!
6( 9$.)(%&1(.$ %,3( A(.$*(,’( 4&.&1,3( %,’’& 8,1(,A(’( 9,)+,’( Xk ∼ B(.(mk,pC)
& Yk ∼ B(.(mk,pE); (. 1(2&1(*&.3$ ,’ 31,33,*&.3$ %( 9$.31$’’$ & )5&1(*&.3,C
 !"#$$! %&’(  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! &% )( ,’+, ,$%!(0#"!$’
&#//%# (’""’ ,$’ 1!$%!(,% /’$ #++’$1!2%#(% (#*!"% .#( 1!$%!(2! %0(#,!3 4++’$1!2%#(%
0’(’$!,’ &! N(0,4)5 /!$!*’,$# &% %(,’$’++’ (µE − µC)/σ5 67777 +%*)"!2%#(%3












K =D m =" E!EFG E!EFF E!EHG FF!" FF!0 F/!G
0E E!EH  E!EH" E!E"G FG!E FG!E FD! 
0" E!E"/ E!E"/ E!E"E F0!H F0!H F0!0
DE E!E"F E!E"F E!E"G F0!F F0!/ F0! 
"E E!E"F E!E"F E!E"H FE!I FE!I FE!F
K =  m =" E!EHG E!EH/ E!E"  /I!" /I!D /I!E
0E E!E"I E!EHE E!E"G /F!0 /F!0 //!I
0" E!E"/ E!E"F E!E"G //!H //!H //!"
DE E!E"" E!E"" E!E"D //!D //!D //!0
"E E!E"D E!E"D E!E"E /H!" /H!" /H! 
K =H m =" E!EHE E!EH0 E!E"D /H!F /H!/ /H!H
0E E!E"/ E!E"F E!E"  /H!E /H!E /"!I
0" E!E"" E!E"" E!E"D /"!F /"!F /"!/
DE E!E"D E!E"D E!E"0 /"!  /"!  /"! 
"E E!E"H E!E"H E!E"" /"!F /"!F /"!F
K =F m =" E!E"F E!E"I E!E"G /G!I /G!I /G!F
0E E!E"G E!E"G E!E"E /G!0 /G!0 /G!E
0" E!E"0 E!E"0 E!E I /D!I /D!I /D!I
DE E!E"G E!E"G E!E"0 /D!/ /D!/ /D!/
"E E!E"D E!E"D E!E"0 /D!H /D!H /D!H ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
(- 2%,$-&&%3#4-.&-5 6’. $#2#4-&2% %7.’&%* 8- ’,,-23#9%’.% $2’3-.%-.&% /#% /:-
6#4$%’.% 1#..’ :7:#(- .:4-2’,%&; 6#4$%’.#2%#* <.# 4%,:2# /-((# /%=-2-.9#
&2# % &2#&&#4-.&% $’&2->>- -,,-2- θ = pE − pC5 4# /% ,’(%&’ .’. 3%-.- :&%?
(%99#&# @6A2* 01%&-1-#/ BCC 5 D#2#72#A’ E*!F* G% H ,6-(&’ I:%./% /% :&%(%99#2-






J. I:-,&’ 4’/’ θ $:K #,,:4-2- 3#(’2% .-((L%.&-23#((’ (−∞,∞) - (L#$$2’,,%?
4#9%’.- Sk(θ) ∼ N(θVk(θ),Vk(θ)) H ,’(%&#4-.&- #/-7:#&#* "’4- $#2#4-&2’
 !"#$$! %&’(  !""#$#%#&’( "# ˆ α #’ )*&+,+#-#./ "# *#0!.,*( -1#)&.(%# ’!--, )(*







αsup αinf αsup αinf αsup αinf
K =! m =M N*N)BC N*N)BM N*N))N N*N))B N*NEBE N*NEBM
BN N*NEB  N*NE!  N*NE!B N*NEE! N*N!OB N*N! )
BM N*N!PM N*N!P) N*N!P  N*N!PO N*N!MB N*N!MN
!N N*N!PO N*N!CO N*N!PP N*N!C  N*N!ON N*N!OC
MN N*N!C  N*N!PB N*N!C  N*N!PB N*N!PM N*N! !
K =) m =M N*NEB! N*NE!N N*NEE) N*NEEC N*N!O  N*N!OC
BN N*N!C N*NEN! N*N!C! N*NENM N*N!MC N*N! )
BM N*N!P N*N!CE N*N!P N*N!C) N*N!MC N*N! O
!N N*N! O N*N! B N*N!   N*N! ! N*N!OE N*N!MC
MN N*N!M  N*N!MC N*N!MP N*N!MP N*N!ME N*N!M!
K =O m =M N*NEN! N*N!C  N*NEN  N*NEN! N*N!O N*N!M 
BN N*N!P! N*N!CE N*N!P! N*N!C) N*N!O! N*N! M
BM N*N!PB N*N! B N*N!P! N*N! ! N*N!OC N*N!MO
!N N*N!O! N*N!O! N*N!OE N*N!OE N*N!M) N*N!MM
MN N*N! ) N*N!P! N*N! ) N*N!P! N*N! B N*N! P
K =! m =M N*N!PC N*N!CE N*N!C! N*N!CO N*N!ON N*N!O 
BN N*N!OP N*N!OM N*N!OP N*N!OO N*N!ME N*N!MB
BM N*N!MM N*N!M  N*N!MM N*N!M  N*N!)) N*N!)P
!N N*N!O! N*N!OO N*N!O! N*N!O  N*N!M) N*N!OB
MN N*N!O  N*N!MB N*N!O  N*N!MB N*N!O) N*N!)C !" #$%&’’( & )(*+’,-($.( /0




(1 − pE)(1 − pC)
 
.
7, ’$8 9&2$)(*(8’(,.-, 6$.8(+.1, %&( %+& 82+44( %( $))&29,-($.(: +1(’(--,.%$












7& )1(*& %( *,))(*, 9&2$)(*(8’(,.-, %&( 4,2,*&12( )$.$ <,6(’*&.1& $11&=
.(3(’( )<2+11,.%$ ’>&?+(9,2(,.-,: 6$. ˆ p
(k)
C = xk/mk & ˆ p
(k)
E = yk/mk: %$9& xk
& yk )$.$ ’& $))&29,-($.( 6,*4($.,2(& 2(<&2(1& ,’’, k=&)(*, ,.,’()(! 7, )1(*,
%&’ 4,2,*&12$ %( (.1&2&))& 9(.6$’,1, , θ = 0 ; ˆ λ
(k)
0 = 2log((xk + yk)/(2mk −
xk − yk))!
@. <,)& %( 42$8&11,-($.& %&’’>&)4&2(*&.1$ 9(&.& 6,’6$’,1, ’>(.<$2*,-($.&
%( ,11&), 4,2-(,’& 6$22()4$.%&.1& ,’’, .+*&2$)(1A 6,*4($.,2(, *,))(*, %&’=
’>&)4&2(*&.1$: mK: $11&.&.%$ ?+(.%( Vmax = pC(1 − pC)(2mK − 1)/4! B(=
)$’9&.%$ ’, C !DE ; 4$))(3(’& 12$9,2& (’ 9,’$2& %( δ 6F& ,.%2A )$)1(1+(1$ .&’=
’& C0!GE 4&2 %&1&2*(.,2& ’& 6$)1,.1( a & c! H., 9$’1, 12$9,1( ( 9,’$2( %(
a & c ; 4$))(3(’& 12,*(1& ’, C0!0E 12$9,2& (’ 9,’$2& %( V c
max! @*4$.&.%$
V c
max = pC(1 − pC)(2mK − 1)/4: *,.1&.&.%$ (.,’1&2,1$ (’ 9,’$2& %( K ;
4$))(3(’& 12$9,2& ?+,’& ),2A (’ 9,’$2& %( m &I&11(9,*&.1& +1(’(--,1$!
H., 9$’1, %&J.(1& ’& 3,22(&2& )( 4+5 42$6&%&2& ,’’, 6$.%+-($.& %&’’>&)4&2(=
*&.1$! K’ J.& %( *$.(1$2,2& ’>&22$2& %( 42(*$ 1(4$: ( %,1( 4&2 &.12,*3( ( 6,*=
4($.( 9&.8$.$ 8&.&2,1( %,’ *$%&’’$ 42&)6&’1$ )$11$ ’>(4$1&)( .+’’, %( +8+,8’(,.=
-, %&( 12,11,*&.1(! @. ?+&)1$ 6,)$: 4&2 $8.( 12,11,*&.1$: 9&.8$.$ 8&.&2,1(
mK %,1( %, +., 3(.$*(,’& 6$. 42$3,3(’(1A %( )+66&))$ pC = pE = 0.5!
L8.( m $))&29,-($.( 9(&.& )9$’1, +.>,.,’()( (. 6+( )( 6,’6$’,.$ Ik: Sk & ( ! "#$%&’(’ !) *+&,-+%’-, .,( &,+& .% /0%&,0,#.






(xk + yk)(2mk − xk − yk)
8mk
.
5( 1#(’2, .% Zp,k 1%,-, 4#(4’(#&’ 7&%(%99#-.’ (# :’287(# Zp,k = +3-(ˆ θ(k)){2(lP(ˆ θ(k))−
lP(0))}1/2 +’+&%&7,-.’ -,((# (’3 1,2’+%8%3(%#-9# % 1#(’2% .,((, +&%8, .% 8#++%;
8# 1,2’+%8%3(%#-9# , .,((, +&%8, 1%-4’(#&,< (, 47% ,+$2,++%’-% +’-’ +&#&, $2%8#
.,=-%&,)
5( 1#(’2, .% Z∗
p,k 1%,-, 4#(4’(#&’ 7&%(%99#-.’ 7-# :’287(#9%’-, +,8$(%=4#&#
>?#4, , @#(1#-< ABBC< *+,8$%’ AA)CD 7&%(%99#E%(, $,2 (, :#8%3(%, ,+$’-,-9%#(%
-#&72#(%) @, +% 7&%(%99# (# $#2#8,&2%99#9%’-, 4#-’-%4#< %-:#&&%< F $’++%E%(,
+42%1,2, (# :7-9%’-, .% (’3 1,2’+%8%3(%#-9# -,( +,37,-&, 8’.’G
l(θ,λ) = θt + λu − mkG(θ,λ)
.’1, G(θ,λ) F 7-# :7-9%’-, 40, .%$,-., .#( $#2#8,&2’ .% %-&,2,++, , .#
67,((’ .% .%+&72E’) 5- 67,+&’ 4#+’ +% 0# 40, t = (yk − xk)/2< u = (yk + xk)/2
, G(θ,λ) = log(1 + e
λ+θ
2 ) − log(1 + e
λ−θ
2 ))











 Gλλ(ˆ θ(k), ˆ λ(k))
 
 1/2
   Gλλ(0, ˆ λ
(k)
0 )
   1/2 ,
υk = (ˆ θ




.’1, +% 2%4’2.# 40, Ik(ˆ θ(k)) F (I%-:’28#9%’-, ’++,21#&# $#29%#(, $,2 θ 4#(4’(#&#
%- (ˆ θ(k), ˆ λ(k))< , Gλλ( , ) %.,-&%=4# (# .,2%1#&# +,4’-.# .% G( , ) 2%+$,&&’ # λ)
















0&1 (’ *$%&’’$ 5$.)(%&1,6$ )( $66(&.&
Ck =
 
(mk − yk)yk + (mk − xk)xk
mk(yk + xk) − (yk + xk)2/2
&





(mk − yk)(mk − xk)xkyk
(mk − yk)yk + (mk − xk)xk
.
7 1()+’6,6( $66&.+6( %,’’& )(*+’,-($.( )$.$ 1(8$16,6( .&’’& 9,:&’’&  !  &  !"!
;<&11$1& %( )(*+’,-($.& )+’ 5,’5$’$ %&’’, 81$:,:(’(6= %( &11$1& %( 81(*$ 6(8$ >
)6(*,6$ 8,1( , ?!???@/!
0&1 (’ 5,’5$’$ Zp,k & Z∗
p,kA )( > %$B+6$ 1()$’B&1& (’ 81$:’&*, %&’’, 81&)&.-, %(
%,6( )+’’, 31$.6(&1,A 5C& 5,+), )6(*& %( *,))(*, B&1$)(*(2’(,.-, 8,1( , ±∞A
& D+(.%( 1&.%& (*8$))(:(’& (’ 5,’5$’$ %( l(ˆ θ, ˆ λ)! 7’ 81$:’&*, > )6,6$ 1()$’6$
5$.)(%&1,.%$ 5,)$ 8&1 5,)$ ( B,’$1( 5C& 8$6&B,.$ ,))+*&1& ’& $))&1B,-($.(
81$B&.(&.6( %,( %+& 21+88(A $))(, xk = mk,xk = 0, $A 0 < xk < mk & ’$ )6&))$
8&1 ’, B,1(,:(’& 5,)+,’& Yk! 7. 6$6,’& )( %&’(.&,.$ D+(.%( @ 5,)( 8$))(:(’(!
E+,.%$ 0 < xk < mk & 0 < yk < mk .$. )( C,..$ 81$:’&*(! 7. 6+66( ( 5,)(
(. 5+( )( > )+’’, 31$.6(&1,A )( 8$.& Z∗
p,k = Zp,k & (’ B,’$1& %( Zp,k B(&.& $66&.+6$
.&’ )&2+&.6& *$%$! F& xk = 0 & yk = 0 $88+1& xk = mk & yk = mk )( 8$.&
Zp,k = 0! G&2’( ,’61( 5,)( )( .$6, 5C& ’, ’$2 B&1$)(*(2’(,.-, 81$H’$ 6&.%& ,%
+., 5$)6,.6& 8&1 θ → +∞ $ θ → −∞A , )&5$.%, %&( 5,)(A & )( +6(’(--, (’
B,’$1& %( 6,’& 5$)6,.6& ,’ 8$)6$ %( l(ˆ θ, ˆ λ)!
;, .+*&1$)(6= 5,*8($.,1(, 8&1 +. 6&)6 , .+*&1$)(6= 5,*8($.,1(, H)),6,
+.(’,6&1,’&A +6(’(--,6, 8&1 5,’5$’,1& E(mk∗)% > I531! #$1&.$ &6 ,’!A J??J4
nf,1 =
(Φ−1(1 − α) + Φ−1(1 − β))2
δ2pC(1 − pC)
%$B& )( 1(5$1%, 5C& δ > (’ B,’$1& %&’ 8,1,*&61$ %( (.6&1&))& )$66$ ’<(8$6&)( .+’’,! ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
2-( 3#,’ /% &-,& 4%(#&-5#(-6 nf,2 ,% ’&&%-.- ,’,&%&7-./’ α/2 #( $’,&’ /% α .-((#
8’597(# /% nf,1*




7.# .79-5’,%&: 3#9$%’.#5%# /% $’3’ ,7$-5%’5- #;(% #(&5% /7- &-,&6 #33-.&7#&#
,’$5#&&7&&’ .-( &-,& 4%(#&-5#(- - $-5 K = 2,4 .-( &-,& 7.%(#&-5#(-* <# .7=
9-5’,%&: 3#9$%’.#5%# >.#(- $-5 ;(% #(&5% /7- &-,& 5%,7(&# %.?-3- -,,-5- 9’(&’
,%9%(-* @-5 A7#.&’ 5%;7#5/# % ?#(’5% ,&%9#&% /% α6 .’. 3BC 7.# .-&&# $5-8-5-.D#
/% 7. &-,& 5%,$-&&’ #/ 7. #(&5’6 &7&&#?%# %( 9%;(%’5- $#5- -,,-5- Sk* @-5 A7#.&’




 !"#$$! %&%’  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! /’$ % ,$’ ,%/% &% ,’+,
#,,’(),% .#( 01111 +%*)"!2%#(% &% )( ,’+, ,$%!(3#"!$’4 #++’$5!2%#(% 3’(’$!,’ &!
6%((mk,p) .#( p = 0.57 8!$!*’,$# &% %(,’$’++’  !" !##$ %&’(!7












K = 2 m =E F*FGF F*FHI F*FJF  I*G  I*I KK* 
HF F*FJE F*FG! F*FJ) KH*! KF*G K!*G
HE F*FGJ F*FGJ F*FJK KH*E KH*E KE*J
JF F*FGJ F*FGJ F*FG! KG*F KG*F KE*!
EF F*FJK F*FJK F*FJI KH*G KH*G KJ*!
K =) m =E F*FJJ F*FJJ F*FJG  H*   G*H  )*G
HF F*FJF F*FJJ F*FJH  H*!  H*!  H*!
HE F*FJ  F*FJ  F*FJ!  F*H  F*H  F*K
JF F*FJ  F*FGF F*FJ   F*K  F*E  H*J
EF F*FJE F*FJ  F*FJ!  H*J  H*J  F*K
K =! m =E F*FJ! F*FGG F*FJ   H*   H*   H*J
HF F*FJE F*FJ  F*FJ) !I*) !I*) ! *)
HE F*FJE F*FJ! F*FJ) !K*  !K*  ! *J
JF F*FJE F*FJ) F*FJE !I*H !K*! ! *!
EF F*FJ! F*FJ) F*FJE !K*! !K*! ! *!
K =K m =E F*FJK F*FJI F*FJ  ! *K ! *! ! *J
HF F*FJ  F*FJI F*FJK !E*I !E*  !!*)
HE F*FJ! F*FJ  F*FJ! !E*I !E*I !E* 
JF F*FJ! F*FJ! F*FJ  !E*  !E*E !E* 
EF F*FJE F*FJE F*FJ! !E*K !E*K !E*! !" #$%&’’( & )(*+’,-($.( //
.& *(0’($1& %&’ 2&)2 Zp,k
 
Vk(θ)3 *, 4+&)2$ .$. 5(&.& 6$.7&1*,2$ 8&1 (’ 2&)2
21(,.0$’,1& %$88($! 9, *$%(:6, ,88$12,2, ,’ 2&)2 %( ;<(2&<&,% .$. )&*=1,
4+(.%( (. 4+&)2$ 6,)$ ,88$12,1& ( *(0’($1,*&.2( ,22&)(!
>. 1(7&1(*&.2$ ,’ 2&)2 21(,.0$’,1& %$88($ )$.$ )2,2& )2(*,2& ’& 8&16&.2+,’(
%( &11$1& %( 81(*$ 2(8$ 8&1 )+8&1($1(2? & (.7&1($1(2? %&’ 21,22,*&.2$ )8&1(*&.@
2,’& 6$.2&00(,2& )&8,1,2,*&.2&! 9, 1&’,2(5, 2,=&’’, .$. A )2,2, 1(8$12,2,3 *,
)( $22&.0$.$ 1()+’2,2( (. ’(.&, 6$. 4+&’’( %&’’, B,=&’’,  !C! D()+’2,2( ,.,’$0<(
)$.$ )2,2( $22&.+2( 6,*=(,.%$ (’ 5,’$1& %&’ 8,1,*&21$3 pC  = 0.5!
 !"#$$! %&’(  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! /’$ % ,$’ ,%/% &% ,’+,0
#,,’(),% .#( 12222 +%*)"!3%#(% &% )( ,’+, ,$%!(4#"!$’ &#//%#0 #++’$5!3%#(% 4’(’$!,’
&! 6%((mk,p) .#( p = 0.57 8!$!*’,$# &% %(,’$’++’  !" !##$ %&’(!7












K =E m =" F!FGG F!FHE F!FHE GF!" GI!F JF!H
IF F!F"/ F!F"/ F!FHE JF!  JF!  JF!I
I" F!F"G F!F/F F!FHC GH!  G"!" JE!G
EF F!FH" F!FH" F!F/" G"!/ G"!G GJ!E
"F F!F J F!F J F!F"C GF!H GF!H GC!F
K =  m =" F!F"C F!F"E F!F"  GE!C GE!/ GH!F
IF F!F"I F!F"E F!F"/ //!/ //!H /J!G
I" F!F"/ F!F"/ F!FHF /G!H /G!H GF!G
EF F!F"I F!F"E F!F"" //!F //!F /G!C
"F F!F"C F!F"" F!F"" /H!H /H!  //!F
K =H m =" F!F"E F!FHH F!F"/ /G!H //!G GI!I
IF F!F J F!F"C F!F"F /H!I /"!J //!H
I" F!F / F!F"E F!F G /"!  /"!I /H!F
EF F!F J F!F"F F!F"E /"!E /"!I /H!I
"F F!F"F F!F"F F!F"E /"!C /"!C /"!/
K =G m =" F!F"" F!F"G F!FHI /C!J /C!J /G!C
IF F!F"  F!F"H F!F"H /C!E /C!F /H!F
I" F!F " F!F"E F!F / /E!  /I!J / !I
EF F!F"I F!F"E F!F"C /E!C /E!E /C!G
"F F!F"F F!F"F F!F"E /E!H /E!H /C!H ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
2% ’,,-34% 5’6-7 %. 89-,&’ -,-6$%’7 %( 4#(’3- /-((:%.;’36#<%’.- $#3<%#(-
’,,-34#&#7 Ik7 /%$-./# /#% /#&%7 $-3&#.&’ #.#(%,% -89%,$#<%#&- .-( .96-3’ /%
’,,-34#<%’.% $’,,’.’ .’. -,,-3(’ .-% (%4-((% /% %.;’36#<%’.-* = &#( $3’$’,%&’
,% > $-.,#&’ /% 9&%(%<<#3- 9.# 3%$#3#6-&3%<<#<%’.- &#(- /# 3-./-3- %( 4#(’3- /%
Ik %./%$-./-.&- /#((- ’,,-34#<%’.%7 $-3 4-/-3- ,- $3’/95# 9. %6$#&&’ ,9((-
$3’$3%-&? /-% &3- &-,&* @-3 ;#3(’ ,% > 9&%(%<<#&# (# &3#,;’36#<%’.- #35’,-.’ $-3
9.# 4#3%#A%(- 5#,9#(- A%.’6%#(- B"’513#. - "’C7 DEF G*
 !"!# $%&’()%*&+,)-. &%/)’.-) 0.% ,1 *)2.11) 3,-)*,&1.
2% 5’.,%/-3% (’ ,&-,,’ 6’/-((’ /-( $#3#H3#;’ $3-5-/-.&-7 5’. (- ,&-,,- #,,9.I
<%’.%* J#&# 9.# 4#3%#A%(- 5#,9#(- 5’. /%,&3%A9<%’.- K%. (n,p)7 (# &3#,;’36#I
<%’.- #35’,-.’ 3%$#3#6-&3%<<# %( 6’/-((’ 9&%(%<<#./’ (:#35’,-.’ /-((# 3#/%5-
/-( $#3#6-&3’ p* 2% /%6’,&3# 51- B"’513#. - "’C7 DEF G
#35,%.
 






L#(- &3#,;’36#<%’.- 5’.,-.&- 89%./% /% ,&#A%(%<<#3- (# 4#3%#.<# /-((’ ,&%I
6#&’3- /% 6#,,%6# 4-3’,%6%H(%#.<#* =% M.% /-H(% -,$-3%6-.&% ,-89-.<%#(%
5’6$#3#&%4% 51- ,% ,&#..’ 5’.,%/-3#./’7 4%-.- 9&%(%<<#&# &#(- &3#,;’36#<%’I
.- $-3 -.&3#6A% % 6’/-((%7 5%’> 89-((’ $-3 %( &3#&&#6-.&’ ,$-3%6-.&#(- - $-3
%( &3#&&#6-.&’ /% 5’.&3’((’*
N3#<%- #((# &3#,;’36#<%’.- #35’,-.’ ,% ’&&%-.- 51- Ik = Vk7 89%./% .’.
,% 1# /%,&’3,%’.- $3’/’&&# /#( ;#&&’ 51- % 4#(’3% ’,,-34#&% /-((:%.;’36#<%’.-





pC - λ = pC*
P# (’H 4-3’,%6%H(%#.<# /-((# /%,&3%A9<%’.- 5’.H%9.&# /-% /9- 6’/-((%7 9&%I !" #$%&’’( & )(*+’,-($.( /0








+ xk logpC + (mk − xk)log(1 − pC).
8& )4(*& %( *,))(*, 1&2$)(*(9’(,.-, %&( 3,2,*&42( )$.$ :,7(’*&.4& $44&;
.(<(’( ):2+44,.%$ ’=&>+(1,2(,.-,6 7$. ˆ p
(k)
C = xk/mk & ˆ p
(k)
E = yk/mk6 %$1& xk
& yk )$.$ ’& $))&21,-($.( 7,*3($.,2(& ?.$ ,’’, k &)(*, ,.,’()(! 8, )4(*, %&’
3,2,*&42$ %( (.4&2&))& 1(.7$’,4, , θ = 0 5 ˆ λ
(k)
0 = (xk + yk)/(2mk)!
8=(.:$2*,-($.& %( 3,2-(,’& ,44&), 7,’7$’,4, (. :,)& %( 32$9&44,-($.& %&’’=&;
)3&2(*&.4$ 5 Vmax = 2mK & )+77&))(1,*&.4& 1&.9$.$ 7,’7$’,4( ( 1,’$2( %( a






(yk + xk)(2mk − yk − xk)
.
D’ 1,’$2& %( Zp,k 1(&.& 2(7,1,4$ %,’’, :$2*+’, Zp,k = )9.(ˆ θ(k)){2(lP(ˆ θ(k)) −
lP(0))}1/2 )$)4(4+&.%$ .&’’, ’$9 1&2$)(*(9’(,.-, %&’ *$%&’’$ ( 1,’$2( %&’’& )4(;
*& %( *,))(*, 1&2$)(*(9’(,.-, & %&’’& )4(*& 1(.7$’,4&6 )$32, %&?.(4&! 8,
)4,4()4(7, Z∗
p,k 5 7,’7$’,4, +4(’(--,.%$ ’, @ ! C & ’, @ !"C!
8, :+.-($.& %( ’$9 1&2$)(*(9’(,.-, &)32&)), 42,*(4& ( 3,2,*&42( & ’& ’$2$


















(k) logλ + mk(1 − ˆ λ
(k))log(1 − λ).
8, *,42(7& 7F& 7$*3,2& ,’ .+*&2,4$2& %( Up,k F, %(*&.)($.& (2 × 2) & (’
)+$ 9&.&2(7$ &’&*&.4$ 1&22G (.%(7,4$ 7$. [A(k)](i,j)! H&2 k = 1,...,K6 ( )+$( ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
-(-2-.&% ,’.’3
[A
(k)](1,1) = 4mk ,%.(ω)4’,(ω)
 
log(,%.(ω)) − log(4’,(ω))







ˆ λ(k) − ˆ λ2(k)
 
log(,%.(ω)) − log(4’,(ω)) − log(,%.(ν))
+ log(4’,(ν))
 
+ mk log(ˆ λ
(k)) − mk log(λ
(k)
0 ) + mk log(1 − λ
(k)
0 )

























0 ˆ λ(k)(1 − λ
(k)












/’5- ω = ˆ θ(k) + #64,%.
 









y(1 + 4’&2(ν)) + (mk − yk)(1 + &#.2(ν))
2λ
(k)


























/’5- ν 8 /-;.%&’ 4’2- ,’$6#* <# 2#&6%4- /% %.:’62#=%’.- jk( ˆ ψ)7 /% /%2-.,%’.-
2 × 2 1# % ,->9-.&% -(-2-.&%3
[jk( ˆ ψ)](1,1) =2
 
yk(1 + 4’&




[jk( ˆ ψ)](1,2) =[jk( ˆ ψ)](2,1) =
yk(1 + 4’&2(ω)) + (mk − yk)(1 + &#.2(ω))
 
ˆ λ(k)(1 − ˆ λ(k))
,
[jk( ˆ ψ)](2,2) =
yk(1 + 4’&2(ω)) + (mk − yk)(1 + &#.2(ω))
2ˆ λ(k)(1 − ˆ λ(k))
+
mk − xk
(1 − ˆ λ(k))2+
 
yk(4’&(ω)) − (mk − yk)(&#.(ω))
 
(1 − 2ˆ λ(k))
2(ˆ λ(k)(1 − ˆ λ(k)))3/2 +
xk
ˆ λ2(k), !" #$%&’’( & )(*+’,-($.( /0
%$1& ω 2 %&3.(4$ 5$*& )$67,!
8 7()+’4,4( %&’’& )(*+’,-($.( )$.$ 7(6$74,4( .&’’& 9,:&’’&  !; &  !<! =, .+>
*&7$)(4? 7(5@(&)4, %, +. 4&)4 , .+*&7$)(4? 5,*6($.,7(, 3)),4, +.(’,4&7,’& 5$.
A+&)4, 7(6,7,*&47(--,-($.&B +4(’& 6&7 (’ 5,’5$’$ %( E(mk∗)%B 2 C5D7! #$7&.$
&4 ,’!B EFFEG
nf,1 =
(Φ−1(1 − α) + Φ−1(1 − β))2
2δ2 .
H&’ 5,)$ %( 4&)4 :(’,4&7,’& 2 6$))(:(’& $44&.&7& nf,2 )&*6’(5&*&.4& )$)4(4+&.%$
α/2 ,’ 6$)4$ %( α .&’’I&)67&))($.& %( nf,1! =I&77$7& %( )(*+’,-($.& 2 6,7( ,
F!FFFJ<!
 !"#$$! %&’(  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! /’$ % ,$’ ,’+, #,,’(),% .#(
01111 +%*)"!2%#(% &% )( ,’+, ,$%!(3#"!$’ +%(3#"#4 #++’$5!2%#(% 3’(’$!,’ &! 6%((mk,p)

















K =E m =" F!FKF F!F0; F!F0E <K!  < !K < !K
0F F!FEE F!FK; F!FEF <<!/ <;!; <<!J
0" F!FKE F!FKE F!FE  <"!< <"!< <;!K
EF F!FKE F!FKE F!FKE /0!/ /0!/ /0!/
"F F!FE  F!FE  F!FEK /0!" /0!" /0!;
K =  m =" F!FE; F!FEK F!FE0 ;J!; ;J!; ;J!;
0F F!FEF F!FEE F!F0J ;/!" ;/!  ;/!"
0" F!FE; F!FE/ F!FE" ;/!E ;/!F ;/!E
EF F!FE< F!FKF F!FE< ;J!E ;J!0 ;J!E
"F F!FE; F!FE< F!FE; <F!/ <F!< <F!/
K =; m =" F!FE< F!FKK F!FE" <F!0 ;J!K <0!;
0F F!FE; F!FE< F!FE" ;<!" ;<!  ;<!"
0" F!FE" F!FE< F!FE  ;<!F ;;!/ ;<!F
EF F!FE; F!FE; F!FE" ;<!J ;<!E ;<!J
"F F!FE" F!FE" F!FE" ;<!/ ;<!/ ;<!J
K =/ m =" F!FE/ F!FE/ F!FE< ;"!; ;"!J ;"!J
0F F!FE; F!FE< F!FE" ; !E ;K!/ ; !F
0" F!FE< F!FE< F!FE< ;"!F ;"!F ; !J
EF F!FE; F!FE; F!FE; ; !; ; !" ; !<
"F F!FE" F!FE" F!FE" ;"!  ;"!K ;"!  ! "#$%&’(’ )* +,&-.,%’.- /-( &-,& /% 01%&-1-#/
+2-.&3#(% $4’5(-6% .-( 7#(7’(’ /% Zp,k - 83%./% /% Z∗
p,k9 /’23&- #((# $4-,-.:#
/% ’,,-42#:%’.% 7’. 2#(’4% ,3((# ;4’.&%-4#9 ,’.’ ,&#&% 4%,’(&% %./37-./’ 3.#
(-<<-4# $-4&345#:%’.- /-% /#&% $4-./-./’ # 6’/-((’ (# 7’44-:%’.- /% =%4&1
>?@@AB*
C.71- %. 83-,&’ 7#,’9 %. <-.-4#(-9 $-4 &3&&- - &4- (- ,&#&%,&%71- &-,&9 %
2#(’4% /% α &-./’.’ # 7’.2-4<-4- #( (’4’ 2#(’4- .’6%.#(- #( 74-,7-4- /% mK*
D# ,&%6# /% E(mK∗)% /-74-,7- #( 74-,7-4- /% mK9 - # $#4%&E /% mK9 /-74-,7-
#( 74-,7-4- /% K*
"’.;4’.&#./’ % &4- &-,& ,% .’&# 71- %. 83-,&’ 7#,’ (# ,&%6# /% E(mK∗)% 1#
 !"#$$! %&’(  !"#$% &% ˆ α ’ ()*’$#+%,- .!*/%#(!$%! !,,’+! /’$ % ,$’ ,’+, #,,’(),% .#(
01111 +%*)"!2%#(% &% )( ,’+, ,$%!(3#"!$’ &#//%#4 #++’$5!2%#(% 3’(’$!,’ &! 6%((mk,p)

















K =! m =F G*GHG G*GA? G*GG@ II*F IG*G I)*F
?G G*G)) G*GI! G*GAF IH*@ IF*G IH*F
?F G*GH) G*GH) G*GAI IH*! IH*! I@*A
!G G*GH) G*GH) G*GA   A*@  A*  II*?
FG G*G)  G*G)  G*G)H  A*)  A*)  G*?
K =) m =F G*GF) G*G)I G*GAA I *F I@*? IF*)
?G G*G)G G*G)) G*GA  IA*! IA*? IA*H
?F G*GF? G*GFH G*GA@ IA*A IA*? IA* 
!G G*GF) G*GHG G*G)F IH*A IF*  IF*)
FG G*GF! G*GFA G*G)  IH*I IH*F IH*I
K =H m =F G*GF) G*GHF G*GA  II*? IH*F IF*!
?G G*GF! G*GF) G*G)! IF*G I)*@ IF*G
?F G*G)@ G*GF) G*G)) IA*A IA*G I)*?
!G G*GFG G*GF? G*G)H I)*@ I)*@ IF*?
FG G*GFG G*GFG G*GFG I)*  I)*  I)*@
K =  m =F G*GFH G*GFI G*G)? I!*) I!*F IG*H
?G G*GFA G*GFF G*G)A I!*) I!*! I!*!
?F G*GFH G*GFI G*G)H I?*H I?*  I!*?
!G G*GFA G*GFA G*G)  I!*H I!*H I!*!
FG G*GF? G*GF? G*G)@ I!*) H@*@ I!*H !" #$%&’’( & )(*+’,-($.( /0
+. 1,’$2& *$’3$ )(*(’& 4&2 3+33( & 32& ( 3&)3! 54&))$ 6, +. 1,’$2& ’&77&2*&.3&
(.8&2($2& 4&2 ’, )3,3()3(9, Zp,k
 
Vk(θ): *, )( 32,33, %( +., %(;&2&.-, *(.(*,!
<$.82$.3,.%$ ( 1,’$2( %( α: ’, )3,3()3(9, 96& )&*=2, &))&2& *(7’($2& > ,.9$2,




9$*4$23,2)( *,’&: *, .$. > )+4&2($2& , Sk 9$*& @+,’(3A! B&2 @+,.3$ 2(7+,2%,
(’ 3&)3 32(,.7$’,2& )(.7$’$: (’ 3&)3 Z∗
p,k
 
Vk(θ) > ’&77&2*&.3& *(7’($2& %&’ 3&)3
Zp,k
 
Vk(θ): *, @+&)3$ .$. 1(&.& 9$.8&2*,3$ 4&2 (’ 3&)3 32(,.7$’,2& %$44($!
<$*& .&’’C&)&*4($ 42&9&%&.3&: (’ 2()+’3,3$ .$. > 9,*=(,3$ )(*+’,.%$ %,3(
9$. 1,’$2& %&’ 4,2,*&32$ pC  = 0.5! D 1,’$2( %&’’& 4&29&.3+,’( %( &22$2& %(
42(*$ 3(4$ )3(*,3& 4&2 )+4&2($2(3A & (.8&2($2(3A %&’ 32,33,*&.3$ )4&2(*&.3,’&:
(. 2(8&2(*&.3$ ,’ 3&)3 32(,.7$’,2& %$44($ )$.$ *$’3$ )(*(’(: 4&29(E (’ 3&)3 >
)(**&32(9$! F, 2&’,3(1, 3,=&’’, .$. > )3,3, @+( 2(4$23,3,: 4$(96G ( 1,’$2( )$.$
9$.8$2*( , @+&’’( %&’’, H,=&’’,  !0! ! !"#$%&’()$!"$ *"(+$
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